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A B S T R A C T

Locally-resonant metamaterials (LRMMs) are architected materials that can be designed to ma-
nipulate mechanical wave propagation by tuning their band gaps. Discrete lumped-mass models
and discrete distributed-mass finite element models are both generally used to analyze LRMMs.
While the former is accurate only near the fundamental resonance frequency of resonators,
the latter’s accuracy is tightly coupled to the computational cost. In this study, an analytical
procedure based on the spectral element method (SEM) is proposed to analyze both undamped
and damped LRMMs as continuous systems. We compare LRMMs’ band structures to those
obtained by discrete models and show that the proposed procedure is capable of capturing the
wave dynamics of these materials very accurately and with negligible computational cost. The
behavior of a finite LRMM waveguide is also studied through displacement transmissibility. In
addition to the attenuation provided by band gaps, we investigate the effects of constant viscous
damping and frequency-dependent viscoelastic damping, which proved to be a straightforward
extension of the undamped spectral element model.

. Introduction

Phononic crystals (PnCs) are architected materials where band gaps (BGs)—i.e., ranges of mechanical wave frequencies whose
ropagation is forbidden—are caused by the periodicity of scatterers and the impedance mismatch at material interfaces [1]. In PnCs,
he BGs are therefore produced by Bragg scattering at a frequency that is determined by the size of the periodic unit cell (PUC),
nd therefore the operating frequencies are strongly limited by their size. Locally-resonant metamaterials (LRMMs) overcome this
imitation since BGs due to Bragg scattering occur together with those produced by Mie scattering around the resonance frequency of
esonators placed periodically in the material [2]. By decoupling the target band gap from the dimensions of the PUC, LRMMs can be
uned to target sub-wavelength scales, i.e., band gaps with frequencies smaller than those obtained by PnCs. Because of BGs, LRMMs,
nd PnCs have been explored in many applications, including vibration isolation [3], acoustic diodes and transistors [4,5], energy
arvesting [6], super/hyper acoustic lenses [7,8], acoustic antennas [9], frequency steering [10,11], acoustic cloaking [12–15],
etasurfaces for phase manipulation [16] and high-resolution acoustic devices [17]. The design of LRMMs for practical applications

equires a thorough understanding of their behavior. Since characterizing them experimentally is a tedious and expensive exercise,
arious analytical and numerical methods have been proposed. These can be classified in discrete lumped-mass [18], discretized
istributed-mass [19], and continuous distributed-mass methods [20]. Notice that while discrete is the opposite of distributed mass,
he terms discretized and continuous refer to the governing partial differential equations (PDEs).

Lumped-mass methods (LMM) have been widely used to model LRMMs. Huang et al. [18,21–24] proposed a one dimensional
1D) undamped discrete lumped-mass model in which the host and the resonator are represented as interconnected springs and
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masses. Along with its simple implementation, this model is straightforward to extend to include more complex phenomena such as
nonlinear behavior [25–28]. Hussein and Frazier [29–32] extended this LMM to incorporate the influence of damping in PnCs and
LRMMs. They compared the effects of Rayleigh, viscous, and viscoelastic damping in the dispersion relation. Huang and Sun further
extended LMMs and incorporated multiple resonators to capture multiple BGs [33]. 1D LRMMs using LMMs have been studied
for several applications, including broadband elastic wave absorbers [34,35] and broadband wave control using nonlocal elastic
metasurfaces [36], active control of band gaps [37], and blast-wave impact mitigation [38]. On the downside, considering the host
and resonator as linear springs and point masses forbids LMMs from obtaining an accurate response at frequencies beyond the first
BG (the first two modes). Therefore, the behavior at higher frequencies mandates distributed-mass models.

Many discretized distributed-mass methods have been proposed to analyze LRMMs. The plane wave expansion method [39–41] is
semi-analytical procedure that obtains the dynamic response by formulating an eigenvalue problem and by solving it iteratively.
he method, however, has difficulties in simulating LRMMs with highly contrasting elastic properties [42]. The transfer matrix
ethod (TMM) [43,44] analyzes LRMMs by means of transfer matrices that transform a state vector comprised of displacement

nd force from one unit cell to the next. The advantage of the method lies in its versatility in deriving the transfer matrices, i.e.,
analytical, numerical, or experimental data can be used to formulate them. However, the analysis of LRMMs with TMM suffers
from numerical instabilities under extreme conditions such as a large change in stiffness values between adjacent elements [45].
The boundary element method (BEM) analyzes LRMMs by transforming the PDEs to boundary integral equations and solving
them over the boundary [46]. The main advantage of this method is that only the boundary needs to be discretized, resulting
in system sizes smaller than those obtained by methods where the entire continuum is discretized. Yet, the implementation of
BEM is not straightforward and it leads to fully dense asymmetric matrices, which are harder to solve than the sparse banded
symmetric matrices that result from the finite element method (FEM) [47]. In the latter, which is also commonly used because
of its versatility in discretizing complex geometries, BGs due to both Mie and Bragg scattering can be captured by representing
the LRMM as a series of interconnected finite elements (FEs) [19,48,49]. Matlack et al. [50] used FEM to explore the broadband
capabilities of LRMMs by combining both Bragg and Mie scattering. Optimization of the LRMMs for broad BGs was carried out
in [51,52]. In addition, it is straightforward to add damping to the formulation. Pai et al. [53] and Nobrega et al. [54] used FEM to
study the effects of viscous damping in LRMMs. Khajehtourian and Kochmann [55] studied the viscous damping effect of LRMMs
using FEM and LMM. The effects of viscoelasticity in the band structure of PnCs and LRMMs using Kelvin–Voigt and generalized
Maxwell models have also been studied [56–58]. Nevertheless, as FEM requires at least eight linear elements to represent a wave
period [59] accurately, and thus the required number of degrees of freedom (DOFs) increases with frequency. As a result, analyses
(both band structure and transmissibility) become extremely expensive at high frequencies. To overcome this, Shi et al. [60,61]
used the time-dependent spectral element method (t-SEM), whereby using high-order polynomials (Gauss–Lobatto–Legendre basis
functions) to define the approximation, computational efficiency is greatly improved [62,63]. For the same target frequency, t-SEM
has a significant reduction in the number of finite elements when compared to standard FEM based on linear shape functions.

All methodologies above discretize the continuum equations that describe the dynamics of the system. There are, however,
methodologies where such discretization is not needed (or at least not entirely). We deem these as continuous distributed-mass
methods. The spectral element method (SEM) [64] is an analytical procedure predominantly used to solve wave propagation
problems. Because the shape functions used in SEM are based on the solution to the wave equation, the response obtained by
the method is exact in the frequency domain. Yet, SEM cannot deal with complex geometries in 2D and 3D for which the wave
solutions are not known and it is unable to solve nonlinear problems directly [65], since the method is based on fast/discrete Fourier
transform (FFT/DFT) techniques. In addition, due to FFT/DFT truncation, the method is discrete in the time domain and thus the
solutions are not as accurate as in the frequency domain. Since shape functions used in SEM are frequency-dependent, changing the
frequency does not affect the system size, i.e., only one element is needed to resolve the wave propagation through it irrespective
of frequency. Given the analytical nature of the method, increasing the number of SEM elements per section does not improve
the solution, so there is no need for mesh convergence studies as usually carried out with standard finite element procedures. In
addition, a special spectral element called a throw-off element [64] aids in modeling non-reflective boundary conditions effectively.

From all distributed-mass methods, SEM is the most accurate and least computationally expensive approach to analyze linear
LRMMs in the frequency domain. The special properties of SEM were first explored in the context of 1D LRMMs by Xiao et al. [20],
who considered a uniform rod as a host with periodically attached multi-DOF spring-mass resonators. Later, Nobrega et al. [54]
verified the accuracy of SEM by comparing it to FEM and obtained a matching response. Xiao et al. [66] also studied LRMMs with
beam-type resonators attached to a homogeneous beam. Casadei and Bertoldi used SEM to model the wave propagation through a
beam immersed in a fluid containing a periodic array of airfoil resonators [67]. They considered the host as an SEM beam element
and the resonators as point masses connected by linear springs that also include the viscous damping behavior of the resonator. In
both [66,67], the resonators were treated as lumped masses. The literature on the use of SEM considering damping is scarce (in
works [20,54,66] LRMMs are undamped). SEM has also been explored to analyze other periodic structures, such as the vibration
analysis of three-dimensional Kagome lattices by Wu et al. [68], whose model matched corresponding FEM results. The same authors
further used SEM to characterize lattice structures inspired by butterfly wing surfaces with hierarchical periodicity [69]. In a context
different from periodic structures, Song et al. [70] studied the viscoelastic damping behavior of a composite beam with SEM by
incorporating frequency-dependent elastic moduli to the dynamic stiffness matrix. To the best of our knowledge, there are no studies
concerning the modeling of LRMMs with the presence of viscous and viscoelastic damping as continuous systems, where BGs due
to the higher modes of the resonator and Bragg scattering are also present.

In this study, we model 1D LRMMs as continuous systems using SEM and compare the dispersion relation to those obtained
2

by LMM and FEM. In addition, we characterize a finite LRMM waveguide composed of five PUCs by obtaining displacement
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transmissibility. To capture the effects of damping, we consider constant viscous damping and linear viscoelastic damping in our
models. The former acts as a constant dissipation component depending on the system velocity, whereas in the latter, the dissipation
has a term that varies with the input frequency (similarly to [70] for a composite beam). Kelvin–Voigt and generalized Maxwell
models are used to include viscoelastic effects. We show the effect of damping in LRMMs by comparing displacement transmissibility
between undamped and damped models.

2. Problem description

Consider an LRMM waveguide 𝛯 composed of 𝑛 PUCs such that its closure is defined as 𝛯 = ∪𝑛
𝑖=1𝛱 𝑖 ⊂ R (see Fig. 1). The 𝑖th

PUC 𝛱𝑖 ⊂ 𝛯 of length 𝐿 is subdivided into subdomains 𝛺𝑗 , 𝑗 = 1,… , 𝑝 such that 𝛱 = ∪𝑝
𝑗=1𝛺𝑗 . The interfaces between contiguous

subdomains are denoted 𝛤𝑗𝑘 = 𝛺𝑗 ∩ 𝛺𝑘, 𝑗 ≠ 𝑘. The 𝑗th subdomain of length 𝑙𝑗 and cross-sectional area 𝐴𝑗 has elastic modulus 𝐸𝑗 ,
density 𝜌𝑗 , and damping factor 𝜂𝑗 . 𝐴𝑗 , 𝑗 = 1,… , 𝑝 may be different for each subdomain but is kept constant within it. In this study,
we consider a PUC composed of five subdomains (𝑝 = 5) and the complete waveguide also composed of five PUCs (𝑛 = 5), as shown
in Fig. 1. The LRMM is designed such that adjacent subdomains possess high contrast in stiffness and mass in order to produce wide
BGs due to Bragg scattering. Moreover, material properties are chosen such that the system behaves as a host containing resonators
that also produce BGs due to Mie scattering. To that end, we select teflon, rubber, and lead for 𝛺1, 𝛺2, and 𝛺3, respectively. To
retain structural symmetry, 𝛺1 is made equivalent to 𝛺5, and 𝛺2 to 𝛺4. Here, the resonator is composed of subdomains 𝛺2, 𝛺3, and
𝛺4. The material properties are listed in Table 1.

Fig. 1. Waveguide 𝛯 composed of five periodic unit cells 𝛱𝑖. Each PUC of the LRMM is composed of five subdomains 𝛺𝑗 that are connected at interfaces 𝛤𝑗𝑘.
𝐿 and 𝑙𝑗 , respectively, represent the lengths of PUC and of the 𝑗th subdomain. Also, 𝛺1 and 𝛺5 are equivalent, and so are 𝛺2 and 𝛺4.

Table 1
Material properties for PUC’s subdomains.

Material Density Young’s modulus Damping ratio
(kg∕m3) (GPa)

Teflon 2200 0.45 0.13
Rubber 1105 0.0103 0.4
Lead 11340 13 0.1

The equation that describes the wave propagation in the LRMM, in the absence of body forces, is given by:

𝐸𝑗𝐴𝑗
𝜕2𝑢𝑗
𝜕𝑥2

− 𝜂𝑗
𝜕𝑢𝑗
𝜕𝑡

− 𝜌𝑗𝐴𝑗
𝜕2𝑢𝑗
𝜕𝑡2

= 0 ∀𝛺𝑗 ∈ 𝛯, (1)

where 𝑥 and 𝑡 represent the spatial coordinate and time, respectively, 𝜂𝑗 is the 𝑗th subdomain’s damping factor, which is obtained
as the product between damping ratio (from Table 1) and the critical damping factor 𝑐𝑐 = 2

√

𝑚𝑗𝑘𝑗 , with 𝑚𝑗 and 𝑘𝑗 denoting the
mass and stiffness of the 𝑗th subdomain, respectively. With 𝑁 = 𝐸𝐴𝜕𝑢∕𝜕𝑥 denoting the axial load, interface conditions are given
by:

𝑢𝑗 = 𝑢𝑘 and 𝑁𝑗 = 𝑁𝑘 ∀𝛤𝑗𝑘 ∈ 𝛯. (2)

To fully define the boundary value problem (BVP), the boundary conditions are still needed. In this paper, we study two BVPs, for
which the BCs are:

1. BVP 1: Band structure analysis (or dispersion analysis) A dispersion relation, which establishes a relationship between
frequency 𝜔 and wave vector 𝑞, is used to describe the effect of dispersion on the properties of waves in a medium. This
3
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relation is obtained by conducting an eigenvalue analysis of the PUC after providing Bloch–Floquet periodic boundary
condition (BFPBC) [71]. Since the PUC contained five bar elements, the periodicity is applied from the first (𝑢1) to the fifth
(𝑢5) element.

𝑢5 (𝐿, 𝑡) = 𝑒i𝑞𝐿𝑢1 (0, 𝑡) , (3)

where i represents the imaginary number, and 𝑞 = 1∕𝜆 the Bloch wave vector, with 𝜆 denoting the wavelength. Considering
the real part of the wave vector in the dispersion relation gives us insight into BGs and wave speeds corresponding to different
wave propagation modes. Considering the imaginary part of the wave vector gives us an indication of the attenuation rate
for a given frequency within a BG.

2. BVP 2: Transmissibility analysis (or harmonic frequency sweep analysis) is the steady-state dynamic analysis of the finite
LRMM waveguide 𝛯 after applying the essential (Dirichlet) boundary condition [72]:

𝑢 (0, 𝑡) = 𝑢0𝑒
i𝜔𝑡, (4)

where 𝑢0 is the constant displacement amplitude applied at one end of the waveguide (at 𝑥 = 0) and 𝜔 is the applied frequency.
For a given frequency, the transmissibility relation provides the reduction in amplitude of the input signal for a given number
of PUCs.

The weak or variational form of Eq. (1), which can be obtained by the method of weighted residuals, is given by: Find 𝑢𝑗 ∈ 
such that

∑

𝑗∈

[

∫𝛺𝑗

𝐸𝑗𝐴𝑗
𝜕𝑢𝑗
𝜕𝑥

𝜕𝑤𝑗

𝜕𝑥
d𝑥 + ∫𝛺𝑗

𝜌𝑗𝐴𝑗
𝜕2𝑢𝑗
𝜕𝑡2

𝑤𝑗 d𝑥+ ∫𝛺𝑗

𝜂𝑗
𝜕𝑢𝑗
𝜕𝑡

𝑤𝑗 d𝑥

]

=
∑

𝑗∈

[

𝑤𝑗𝑁𝑗
]𝑙𝑗
0 ∀𝑤𝑗 ∈  , (5)

here 𝑤 is the weight function,  , are sufficiently-smooth function sets, and  is the index set of subdomains analyzed and
epends on the boundary value problem; for BVP 1,  ≡ 𝛱 = {1,… , 5} whereas for BVP 2,  ≡ 𝛯 = {1,… , 25}. It is worth

noting that, although the traction boundary condition was given for completeness of the right-hand-side of Eq. (5), its contribution
eventually vanishes because tractions at an interface 𝛤𝑗𝑘 from contiguous subdomains 𝛺𝑗 and 𝛺𝑘 cancel one another, leaving only
those at the ends of 𝛱 (or 𝛯) for which we conveniently choose 𝑤𝑗 = 0.

The infinitely dimensional weak form given by Eq. (5) is then solved with FEM, where we adopt finite element function sets
 ℎ ⊂  ,ℎ ⊂  spanned by linear shape functions. In the case of SEM, we solve the strong form Eq. (1) by means of frequency-
dependent shape functions that are discrete in time due to the use of FFT/DFT. We also analyze the LRMM PUC using a lumped-mass
method by applying force balance. Damping is not considered in FEM and LMM models.

2.1. SEM analysis

To obtain the solution of Eq. (1) by means of the spectral element method, we first derive the shape functions that will be used
in each spectral element. In the 𝑗th subdomain, the solution to Eq. (1) is assumed in spectral form as [65]:

𝑢𝑗 (𝑥, 𝑡) = 𝑈𝑗 (𝑥, 𝜔) ei𝜔𝑡 in 𝛺𝑗 , (6)

where 𝑈𝑗 (𝑥, 𝜔) is the spatial component of the displacement. Substituting Eq. (6) in Eq. (1) provides us with the equation of motion
in spatial form:

𝐸𝑗
𝜕2𝑈𝑗

𝜕𝑥2
+
(

𝜔2𝜌𝑗 − i𝜔𝜂𝑗∕𝐴𝑗
)

𝑈𝑗 = 0 in 𝛺𝑗 . (7)

The general solution of Eq. (7) in the 𝑗th subdomain is

𝑈𝑗 (𝑥, 𝜔) = 𝐵𝑗,1e
−i𝜅𝑗 (𝜔)𝑥 + 𝐵𝑗,2e

i𝜅𝑗 (𝜔)𝑥

=
[

𝑒−i𝜅𝑗 (𝜔)𝑥 𝑒i𝜅𝑗 (𝜔)𝑥
]

[

𝐵𝑗,1
𝐵𝑗,2

]

= 𝒆 (𝑥, 𝜔)𝑩𝑗 .
(8)

where 𝐵𝑗,1 and 𝐵𝑗,2 denote the amplitudes of the forward and backward traveling waves and 𝜅𝑗 (𝜔) the longitudinal wave vector
with the effect of damping, given by:

𝜅𝑗 (𝜔) =
√

𝜅̃2
𝑗 − i𝜔𝜂𝑗∕𝐸𝑗𝐴𝑗 , (9)

with 𝜅̃𝑗 = 𝜔∕𝑐𝑗 is the non-dispersive longitudinal wave vector, and 𝑐𝑗 =
√

𝐸𝑗∕𝜌𝑗 is the longitudinal wave speed. For a finite spectral
element of length 𝑙𝑗 , the displacement field can be written as:

𝑼 𝑗 =
[

𝒆 (0, 𝜔)
𝒆
(

𝑙𝑗 , 𝜔
)

]

𝑩𝑗 =
[

1 1
e−i𝜅𝑗 (𝜔)𝑙𝑗 ei𝜅𝑗 (𝜔)𝑙𝑗

] [

𝐵𝑗,1
𝐵𝑗,2

]

. (10)

Using Eq. (10), we can eliminate the amplitude vector 𝑩𝑗 from Eq. (8) to yield the displacement in the spectral element in terms
of nodal DOFs as:

𝑈 𝑥,𝜔 = 𝜱 𝑥, 𝜔 𝒖 , (11)
4

𝑗 ( ) 𝑗 ( ) 𝑗



Wave Motion 136 (2025) 103527S.V. Valappil and A.M. Aragón

b
f

where 𝜱𝑗 =
[

csc
(

𝜅𝑗 𝑙𝑗
)

sin
[

𝜅𝑗
(

𝑙𝑗 − 𝑥
)]

csc
(

𝜅𝑗 𝑙𝑗
)

sin
(

𝜅𝑗𝑥
)]

is the vector of frequency-dependent shape functions.
Since Eq. (11) is the exact solution of Eq. (7), we can simply use force balance to derive the stiffness matrix, i.e., 𝒇 𝑗 (𝜔) = 𝒔𝑗 (𝜔) 𝒖𝑗 ,

where 𝒇 𝑗 =
[

−𝑁𝑗 (0) 𝑁𝑗
(

𝑙𝑗
)]⊺ denotes the self-equilibrating force vector—with components being the axial force evaluated at the

end nodes—and 𝒔𝑗 denotes the symmetric dynamic stiffness matrix (DSM) given by:

𝒔𝑗 (𝜔) =
[

𝑎𝑗 𝑏𝑗
𝑏𝑗 𝑎𝑗

]

, (12)

where:

𝑎𝑗 =
𝐸𝑗𝐴𝑗
𝑙𝑗

(

𝜅𝑗 𝑙𝑗
)

cot
(

𝜅𝑗 𝑙𝑗
)

,

𝑏𝑗 = −𝐸𝑗𝐴𝑗
𝑙𝑗

(

𝜅𝑗 𝑙𝑗
)

csc
(

𝜅𝑗 𝑙𝑗
)

.
(13)

Note that the shape functions and DSM for an undamped rod can be obtained by supplying 𝜂 = 0, in which case 𝜅𝑗 (𝜔) reduces
to 𝜅̃𝑗 (𝜔). As mentioned above, for SEM, only one element is required per subdomain 𝛺𝑗 .

For a PUC, we can obtain the global dynamic stiffness matrix 𝑺 by assembling the contributions of all subdomains, i.e.,
𝑺 =A𝑗∈𝛱 𝒔𝑗 , where A denotes the assembly operator. Note that the PUC has six DOFs (five bar elements) and that the periodic
oundary condition relates 𝑢1 to 𝑢6, resulting in five independent DOFs for the global displacement vector 𝑼 . By considering the
ive elements of the PUC and by providing BFPBC (as shown in Eq. (3)), the system of equations 𝑺𝑼 = 𝟎 is:

⎡

⎢

⎢

⎢

⎢

⎢

⎣

2𝑎1 𝑏1 0 0 𝑒i𝑞𝐿𝑏1
𝑏1 𝑎12 𝑏2 0 0
0 𝑏2 𝑎23 𝑏3 0
0 0 𝑏3 𝑎32 𝑏2

𝑒−i𝑞𝐿𝑏1 0 0 𝑏2 𝑎21

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑢1
𝑢2
𝑢3
𝑢4
𝑢5

⎤

⎥

⎥

⎥

⎥

⎥

⎦

= 𝟎, (14)

where 𝑎𝑗𝑘 = 𝑎𝑗 + 𝑎𝑘, while 𝑢𝑗 is the DOF (displacement) associated to the 𝑗th node. The determinant of the coefficient matrix of
Eq. (14) provides us with the characteristic equation relating the Bloch wave vector 𝑞 with the applied frequency 𝜔. The solution
of this equation then yields the dispersion relation.

Noteworthy, the analytical solution of the determinant equation given by Eq. (14) only exists for simple cases as the one studied
here. In most cases, however, such an analytical approach is not feasible, and the solution is found numerically [65]. The band
structure is then obtained either by using a Newton–Raphson approach or another nonlinear solution procedure or by converting
the system to a generalized eigenvalue problem by means of static condensation [65].

Similarly, by assembling DSMs to form the finite LRMM waveguide and by providing Dirichlet BC (as shown in Eq. (4)), we
obtain the system of linear equations for BVP 2:

𝑺𝑼 = 𝟎, 𝑺 =A
𝑗∈𝛯

𝒔𝑗 . (15)

The solution of Eq. (15) yields the displacement vector that is used to obtain displacement transmissibility.

2.1.1. Throw-off element for reflection-free analysis
To obtain displacement transmissibility without the effects of reflections from the free end, we model the waveguide with a

non-reflective boundary. This can easily be attained using a special throw-off spectral element [64]. In contrast to standard spectral
elements, where nodes are separated by a finite distance, in a throw-off element, one of the nodes is located at infinity. This element,
therefore, draws energy out of the system continuously, resulting in a non-reflective boundary. The contribution to the dynamic
stiffness matrix of such a throw-off element is given by:

𝑠∞ (𝜔) = i𝜅𝑗𝐸𝑗𝐴𝑗 . (16)

Note that this contribution, which needs to be added to the mesh node to which the throw-off element is connected, is always
complex, and therefore the global stiffness matrix is also complex after assembly. This implies that the system always experiences
dissipation in the presence of a throw-off element. In addition, 𝐸𝑗𝐴𝑗 in Eq. (16) is directly related to the dissipation rate, i.e., the
higher its value, the greater the dissipation due to the throw-off element.

2.2. FEM analysis

The finite-dimensional counterpart of the variational form Eq. (5) is solved by means of standard FEM to compare both accuracy
and computational costs. Contrary to SEM, where a single spectral element per subdomain is used to obtain the dynamic behavior,
in FEM, such an approach leads to very poor accuracy—particularly at high frequencies. Instead, a PUC 𝛱𝑖 (or the entire domain
𝛯 in the case of the waveguide) is subdivided into a set of interconnected finite elements 𝑒𝑗 to improve accuracy such that
𝛱

ℎ
= ∪ 𝑒 (or 𝛯

ℎ
= ∪ 𝑒 ), where  refers to the finite elements’ index set, e.g., for a uniform mesh size ℎ,  = 1,… , 5∕ℎ
5

𝑖 𝑗∈ 𝑗 𝑗∈ 𝑗 𝛱 { }



Wave Motion 136 (2025) 103527S.V. Valappil and A.M. Aragón

B

a
b

d

a

(and 𝛯 = {1,… , 25∕ℎ}). The domain discretization 𝛱
ℎ
𝑖 (or 𝛯

ℎ
) is then associated with finite element function sets  ℎ,ℎ that are

spanned by linear Lagrange shape functions, such that the trial solution 𝑢ℎ ∈  ℎ and the weight function 𝑤ℎ ∈ ℎ read:

𝑢ℎ (𝑥) =
∑

𝑘∈
𝜑𝑘 (𝑥)𝑈𝑘 = 𝜱𝑼 ,

𝑤ℎ (𝑥) =
∑

𝑘∈
𝜑𝑘 (𝑥)𝑊𝑘 = 𝜱𝑾 ,

(17)

where  is the FE nodes’ index set (that contains one additional index with respect to ), and 𝜑𝑘 refers to the linear Lagrange shape
function associated with 𝑖th DOF.

The finite-dimensional form of Eq. (5) then reads:

∑

𝑗∈

[

∫𝑒𝑗
𝐸𝑗𝐴𝑗

𝜕𝑢ℎ

𝜕𝑥
𝜕𝑤ℎ

𝜕𝑥
d𝑥 + ∫𝑒𝑗

𝜌𝑗𝐴𝑗
𝜕2𝑢ℎ

𝜕𝑡2
𝑤ℎ d𝑥 + ∫𝑒𝑗

𝜂𝑗
𝜕𝑢ℎ

𝜕𝑡
𝑤ℎ d𝑥

]

= 0 ∀𝑤ℎ ∈ ℎ. (18)

y using Eq. (17) in Eq. (18), and noting that the statement ∀𝑤ℎ ∈ ℎ translates to ∀𝑾 ∈ R|| (since Lagrange shape functions are
known), we arrive at our discrete system:

(

𝑲 − 𝜔2𝑴
)

𝑼 = 𝟎, (19)

where as usual, the global stiffness matrix 𝑲 and the global mass matrix 𝑴 are obtained by assembling the contribution of local
arrays:

𝑲 =A
𝑗∈

𝒌𝑗 , 𝑴 =A
𝑗∈

𝒎𝑗 , (20)

𝒌𝑗 =
𝐸𝑗𝐴𝑗

ℎ𝑗

[

1 −1
−1 1

]

, 𝒎𝑗 = 𝜌𝑗𝐴𝑗ℎ𝑗

[

1∕3 1∕6
1∕6 1∕3

]

. (21)

In Eq. (21) ℎ𝑗 refers to the element size, which is not necessarily uniform throughout the FE discretization.
(19) can be used to describe both PUC and waveguide, as shown in Fig. 1. After providing BFPBC to the PUC (as per Eq. (3)) or

Dirichlet BC to the waveguide (as per Eq. (4)), we obtain either the band structure or the displacement transmissibility, respectively.

2.3. Lumped-mass model of LRMM

In the lumped-mass model (LMM), all elements of the PUC are represented as point masses interconnected by springs. In this
model, we retain the stiffnesses of the subsections of the PUC, whereas masses are lumped to the nodes connecting the springs.
Therefore, the PUC’s LMM has only five DOFs. The expressions and values for masses 𝑚1 through 𝑚5 and stiffnesses 𝑘1 through 𝑘4
re given in Table 2. Noteworthy, the stiffness of the lead block is not considered because, for practical purposes, it acts as a rigid
ody.

Fig. 2. Schematic of the PUC’s LMM, showing the subsections as masses 𝑚1 through 𝑚5 interconnected by springs 𝑘1 through 𝑘4. 𝑢1 through 𝑢5 are the
isplacements of the corresponding point masses. Here the periodicity is between 𝑚1 and 𝑚5.

Table 2
Expressions and values of the parameters of LMM.

Mass (kg) Stiffness (N∕m)

𝑚1 =
𝜌1𝐴1 𝑙1

2
= 3.44 × 10−4 𝑘1 =

𝐸1𝐴1

𝑙1
= 56250

𝑚2 =
𝜌1𝐴1 𝑙1

2
+ 𝜌2𝐴2 𝑙2

2
= 3.85 × 10−4 𝑘2 =

𝐸2𝐴2

𝑙2
= 139.19

𝑚3 = 𝜌2𝐴2𝑙2 + 𝜌3𝐴3𝑙3 = 1.25 × 10−2 𝑘3 =
𝐸2𝐴2

𝑙2
= 139.19

Also 𝑚4 = 𝑚2, 𝑚5 = 𝑚1, and 𝑘4 = 𝑘1.

The equations of motion for this LMM are obtained by balancing forces. Here we use superscripts to index the periodic unit cells
nd subindices to index the PUC’s subdomains. Therefore, let 𝑢(𝑗)1 through 𝑢(𝑗)5 represent the displacements of masses 𝑚1 through

𝑚 for the 𝑗th unit cell (Fig. 2). Since the periodicity is between 𝑢(𝑗) and 𝑢(𝑗), 𝑚(𝑗) is connected to 𝑚(𝑗−1). Correspondingly, 𝑚(𝑗) is
6
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connected to the 𝑚(𝑗+1)
1 . The force balance of each of the masses in the periodic unit cell is:

𝑚1𝑢̈
(𝑗)
1 + 𝑘1

(

𝑢(𝑗)1 − 𝑢(𝑗)2

)

+ 𝑘4
(

𝑢(𝑗)1 − 𝑢(𝑗−1)5

)

= 0,

𝑚2𝑢̈
(𝑗)
2 + 𝑘1

(

𝑢(𝑗)2 − 𝑢(𝑗)1

)

+ 𝑘2
(

𝑢(𝑗)2 − 𝑢(𝑗)3

)

= 0,

𝑚3𝑢̈
(𝑗)
3 + 𝑘2

(

𝑢(𝑗)3 − 𝑢(𝑗)2

)

+ 𝑘3
(

𝑢(𝑗)3 − 𝑢(𝑗)4

)

= 0,

𝑚4𝑢̈
(𝑗)
4 + 𝑘3

(

𝑢(𝑗)4 − 𝑢(𝑗)3

)

+ 𝑘4
(

𝑢(𝑗)4 − 𝑢(𝑗)5

)

= 0,

𝑚5𝑢̈
(𝑗)
5 + 𝑘4

(

𝑢(𝑗)5 − 𝑢(𝑗)4

)

+ 𝑘1
(

𝑢(𝑗)5 − 𝑢(𝑗+1)1

)

= 0.

(22)

Applying BFPBC to (22) and further processing provides us the matrix equation for the 𝑗th PUC:

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑑11 −𝑘1 0 0 −𝑒i𝑞𝐿𝑘1
−𝑘1 𝑑12 −𝑘2 0 0
0 −𝑘2 𝑑23 −𝑘2 0
0 0 −𝑘2 𝑑12 −𝑘1

−𝑒−i𝑞𝐿𝑘1 0 0 −𝑘1 𝑑11

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑢(𝑗)1
𝑢(𝑗)2
𝑢(𝑗)3
𝑢(𝑗)4
𝑢(𝑗)5

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

= 𝟎, (23)

where 𝑑𝑖𝑗 = 𝑘𝑖 + 𝑘𝑗 −𝑚𝑗𝜔2. The non-trivial solution of this system is obtained by equating the determinant of the coefficient matrix
f Eq. (23) to zero, and this result provides us with the dispersion relation.

.4. Incorporating damping (viscous and viscoelastic) in SEM

The effects of the constant viscous damping have been incorporated in the dynamic stiffness matrix given by Eq. (12) via the
amping factor 𝜂. However, this factor remains constant throughout the analysis, and therefore it does not capture the effects
f frequency on damping. Because most of the damping behavior of polymers and elastomers has a high dependence on the
pplied frequency, we include frequency-dependent viscoelastic effects in our SEM model to obtain a more realistic behavior for the
RMM [73].

A straightforward means to account for viscoelasticity is using the Kelvin–Voigt model, a spring-dashpot system connected in
arallel, as shown in Fig. 3(a). According to this model, the effective complex Young’s modulus takes the form:

𝐸̂ (i𝜔) = 𝐸 + i𝜔𝜂∕𝐴. (24)

he spring element has its stiffness value equal to the real part 𝐸, also called storage modulus, whereas the frictional resistance of
he dashpot accounts for the viscosity contribution 𝜂.

Fig. 3. Linear viscoelastic models. (a) Kelvin–Voigt model; and (b) generalized Maxwell model. 𝐸𝑖 and 𝜂𝑖, respectively, represent the stiffness of spring and
resistance of dashpot of 𝑖th Maxwell element.

Because of its simplicity (i.e., single spring and dashpot system), the Kelvin–Voigt model will not capture the exact viscoelastic
behavior of the waveguide. Consequently, we also use the generalized Maxwell model (Fig. 3(b)), which uses a spring-dashpot
(Maxwell element) chain connected in parallel. Each of these elements corresponds to a particular loading rate. The more the
number of elements present in the model, the better the approximation towards the actual dynamic behavior of the system. The
behavior of the individual elements is usually through experiments, for instance, by means of dynamic mechanical analysis [74].
The effective complex Young’s modulus in this model is expressed as a series representation, known as the Prony series:

𝐸̂ (i𝜔) = 𝐸∞ +
𝑛
∑ i𝜔𝐸𝑖 , (25)
7
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where 𝜏𝑖 = 𝜂𝑖∕𝐸𝑖 and 𝐸𝑖 denote, respectively, the 𝑖th Maxwell element’s relaxation time and corresponding relaxation modulus, and
𝐸∞ is Young’s modulus at equilibrium. The number 𝑛 is usually chosen based on an adequate fit with experimental data. Table 3
shows the Prony series for teflon [75] and rubber [76].

Table 3
Relaxation times and relaxation moduli for teflon and rubber
Prony series.

Teflon Rubber

𝜏𝑖 (s) 𝐸𝑖 (Pa) 𝜏𝑖 (s) 𝐸𝑖 (Pa)

0.1 444.86 × 106 4.32 × 10−9 9 × 106

1 365.68 × 106 5.84 × 10−8 4.2 × 106

10 298.73 × 106 3.51 × 10−7 2.94 × 106

100 259.31 × 106 2.28 × 10−6 2.41 × 106

1000 237.57 × 106 1.68 × 10−5 1.87 × 106

2.82 × 10−4 1.31 × 106

7.96 × 10−3 7.02 × 105

9.5 × 10−3 4.45 × 105

∞ 210.5 × 106 ∞ 4.12 × 105

3. Results and discussions

3.1. Dispersion relation comparison

We begin this section by comparing the undamped dispersion relations of our 1D LRMM using SEM, FEM, and LMM. As explained
arlier, the dispersion relation is obtained by analyzing the periodic unit cell with prescribed Bloch–Floquet boundary conditions—
hich assumes an infinite material. The lengths and cross sectional areas of the subdomains in the periodic unit cell are shown in
able 4.

Table 4
Geometric properties for PUC’s subdomains.
Material Length Cross sectional area

(cm) (mm2)

Teflon 5 6.25
Rubber 7.4 1
Lead 2 54.8

Fig. 4 shows the complex dispersion diagram; while the real part indicates various propagation modes and BGs (shown in
haded regions), the imaginary part represents the rate of attenuation in amplitude for its corresponding frequency in the BG.
ince frequency is the independent parameter throughout SEM analysis, it is straightforward to obtain the imaginary part of the
ave vector. Every propagation mode has zero imaginary part, i.e., the imaginary wave vectors correspond to evanescent waves.

The larger the value of the imaginary part of the wave vector, the higher the corresponding attenuation rate. The LMM results in
Fig. 4 show three modes and their corresponding attenuation rates. However, only the first two modes – which define the first band
gap – are predicted accurately; the three remaining modes (the 4th and 5th modes are not shown in Fig. 4) are not accurate due
o LMM treating bars as point masses connected by linear springs. The results obtained by FEM are more accurate. Although FEM
redicts all modes of the LRMM, the computational cost increases with increasing frequency. In the FEM results shown in Fig. 4, we
sed 50 elements for the first mode and 2500 elements for the fifth mode to keep up with the accuracy of SEM. For simplicity, we
ave kept the number of elements per section of the PUC constant, i.e., every section shown in Fig. 1 will have elements of different
engths compared to the elements in the adjacent subsection. Also, in contrast to SEM and LMM, the independent parameter in our
EM analysis is the wave vector i.e., 𝜔(𝑘) approach is used here; thus, it is difficult to obtain the imaginary part of the dispersion

diagram via our FEM model (and it is thus not shown). Although by using the 𝑘(𝜔) approach, one can obtain the imaginary part via
FEM, the analysis is more complicated due to coordinate inversion and static condensation [77]. SEM has the highest accuracy in
predicting all modes and their attenuation rates. The frequency-dependent shape functions aid SEM in capturing the actual dynamic
behavior with very little computational cost—five elements for the entire frequency spectrum! It is noteworthy that although the
computational cost primarily depends on the total number of elements (or DOFs), the shape functions also influence it. Since SEM
uses complex shape functions compared to linear polynomials used by FEM, the cost per evaluation of one element is higher for SEM
compared to FEM. Nevertheless, this variation vanishes quickly, as FEM needs several elements to describe the dynamic response,
which increases with frequency. However, SEM only requires one element, irrespective of the operating frequency. For instance, in
the band structure analysis, the number of elements per section in FEM (for the highest frequency) was 500 times higher than the
corresponding SEM model; the computational cost of the former is higher than the latter.

3.2. Undamped transmissibility comparison

In the previous section, we showed that SEM is highly accurate and computationally inexpensive. Because the band structure
analysis assumes an infinite number of PUCs, the dispersion relation may not faithfully represent the dynamic behavior of a
waveguide composed of a finite number of unit cells. We characterize the finite waveguide using displacement transmissibility,
8
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Fig. 4. Frequency as a function of non-dimensional complex wave vector (dispersion relation) for our 1D LRMM using SEM, FEM, and LMM, where the
shaded regions represent BGs. The BG bounding frequencies are 𝑓1 = 148 radian∕s, 𝑓2 = 441 radian∕s, 𝑓3 = 470 radian∕s, 𝑓4 = 4100 radian∕s, 𝑓5 = 4250 radian∕s,
6 = 8200 radian∕s. SEM predicts the band structure, including attenuation rates exactly, whereas FEM can only predict results accurately with very high
omputational cost (particularly at high frequencies). LMM yields good results only for the modes that define the first BG.

hereby the steady-state response of the waveguide is obtained, and the ratio between output displacement (at the right end of the
aveguide) to the prescribed input displacement (at the other end) is acquired. This is done for a given applied harmonic frequency,
nd thus frequency sweep analysis is done to get the behavior for a large range of frequencies.

Fig. 5 illustrates the undamped displacement transmissibility for FEM and SEM (with and without a throw-off element). Both FEM
nd SEM capture BGs predicted by the dispersion relation accurately (as shown in shaded regions). To simplify FEM analysis, the
umber of elements has been kept constant (500 per subsection). As expected, the transmissibility results of FEM are more accurate at
ow frequencies since the number of elements per wavelength is fixed and the wavelength is larger for smaller frequencies, enabling
ore elements at those frequencies.

The peaks in the transmission before the band gaps result from sub-system resonances, which are resonant modes present in the
inite waveguide and are due to multiple reflections from the free end that are not accounted for in the band structure analysis.
oth FEM and SEM capture these peaks effectively.

The displacement transmissibility of SEM with the throw-off element shows considerable differences in the amplitudes outside the
Gs since all peaks due to reflections are absent. For frequencies with higher attenuation (after the first BG) where fewer reflections
re present, the response of both SEM models is close.

.3. Effects of damping

In this section, we compare the transmissibility between undamped and damped LRMMs with the throw-off element using various
amping models. The results are given in Fig. 6, which shows that constant viscous damping reduces the transmission further and
hat this effect is more pronounced at low frequencies. Even though the resonant peaks are also reduced at higher frequencies,
iscous damping does not show any prominent effects on the rest of the transmission spectra.

As discussed in Section 2.4, viscoelastic models are essential to describe the proper dynamic behavior of LRMM waveguides
omprised of polymers and elastomers. The figure also shows the transmissibility considering Kelvin–Voigt viscoelastic and
eneralized Maxwell viscoelastic damped SEM models. Although the Kelvin–Voigt model (Fig. 3(a)) is straightforward to implement,
he use of a single spring and dashpot does not provide very realistic dynamic behavior. As shown in Fig. 6, this simple damping
odel behaves close to purely viscous at low frequencies and slowly transitions to purely elastic at high frequencies. The generalized
axwell damping model predicts the viscoelastic behavior more accurately due to the presence of multiple Maxwell elements. As

pparent from the figure, this model influences the entire frequency spectrum. It is worth noting that with this model, the first BG
due to Mie scattering) shifts down in frequency range. Additionally, in the generalized Maxwell model, there is less separation
etween attenuating and propagating regions (of frequencies) because due to the dissipation, there is always attenuation present
9
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Fig. 5. Displacement transmissibility for an undamped five PUC LRMM waveguide using FEM and SEM (with and without a throw-off element). The curves
capture the BGs predicted by the dispersion relation, as shown in the shaded region marked by frequencies 𝑓1 through 𝑓6. The displacements match at initial
frequency ranges but start to diverge at higher frequencies due to the lack of an adequate number of elements in the FE model. Due to the non-reflective BC,
all the peaks in displacement due to reflections are absent in SEM with a throw-off element. It can also be noted that within the BGs, where fewer reflections
are present, the SEM curves with and without the throw-off element are close.

in the system. As explained previously, the accuracy of this model depends greatly on the number of elements in the Prony series,
which in our case is five for teflon and eight for rubber. Increasing the number of terms in the Prony series, which is beyond the
scope of this study, could further improve the results.

4. Conclusions

In this manuscript, we investigated 1D undamped and damped LRMMs using lumped-mass, finite element, and spectral element
models. The dispersion relation revealed that the accuracy of the lumped-mass model was limited only to the two modes that
define the band gap due to Mie scattering; higher modes have a very poor agreement with the true dynamic behavior of the
MM. The finite element distributed-mass model showed good agreement with SEM in the dispersion relation. However, to obtain a
matching response, the total DOFs of FEM increased rapidly for high frequencies. In addition, with little effort, SEM could provide
the imaginary part of the dispersion relation, which indicates the amplitude attenuation rates within BGs. This is very beneficial in
designing a finite LRMM waveguide targeted to reduce a given amplitude for a specific frequency range. Indeed, the imaginary part
gives an estimation of the amplitude attenuation rate for a given frequency and a number of units, and this can be used for a first
back-of-envelope calculation.

We showed that extending the spectral element model to analyze a finite LRMM waveguide composed of five unit cells was also
straightforward. Because many applications require a reflection-free response, we extended the model to incorporate a non-reflective
boundary using a throw-off element, which allows to conduit energy out of the system.

Incorporating viscous and viscoelastic damping effects into SEM models proved to be straightforward as well. Even though
constant viscous damping shows a reduction in transmission, it does not capture the response accurately throughout the frequency
spectrum as most of the components of this LRMM are visco-elastic. Due to its simplicity, the Kelvin–Voigt model was also unable to
accurately predict the LRMM waveguide’s dynamic response. The generalized Maxwell model provided the most accurate response
for the entire frequency range and revealed a shift in the first BG to lower frequencies. Because the accuracy of the generalized
Maxwell model is tightly coupled to its Prony series, further research is needed to investigate the use of this model in LRMMs.

We conclude that SEM is the preferred methodology for analyzing the damped/undamped dynamic response of one-dimensional
LRMMs regardless of the frequency. Besides, SEM directly provides the complete band structure (both real and imaginary), which
includes various modes, BGs, and corresponding attenuation rates compared with other distributed-mass methods, such as FEM,
where finding the imaginary part is cumbersome. Although SEM cannot be used to model complex geometries, it can still be used as
a rough approximation or for a back-of-the-envelope preliminary LRMM design. A future direction could be to perform transmission
experiments using viscoelastic phononic crystals to validate the predictions from the numerical/analytical methods discussed here.
10



Wave Motion 136 (2025) 103527S.V. Valappil and A.M. Aragón
Fig. 6. Transmissibility relation between undamped, viscous damped, and viscoelastic damped models where the BGs are shaded with their bounds marked in
the abscissa. Viscous damping affects mostly lower frequency ranges and resonant peaks because it does not account for frequency variation. The Kelvin–Voigt
viscoelastic model transitions from viscous to elastic with increasing frequency. The damped dynamic behavior is further improved by means of the generalized
Maxwell model, which affects the entire frequency spectrum and shifts the first BG to lower frequencies. Yet, the latter’s accuracy depends on the number of
elements in the Prony series.
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