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SUMMARY

Generating matching meshes for problems with complex boundaries is often an intricate process, and the
use of non-matching meshes appears as an appealing solution. Yet, enforcing boundary conditions on non-
matching meshes is not a straightforward process, especially when prescribing those of Dirichlet type. By
combining a type of Generalized Finite Element Method (GFEM) with the Lagrange multiplier method, a
new technique for the treatment of essential boundary conditions on non-matching meshes is introduced in
this manuscript. The new formulation yields a symmetric stiffness matrix and is straightforward to imple-
ment. As a result, the methodology makes possible the analysis of problems with the use of simple structured
meshes, irrespective of the problem domain boundary. Through the solution of linear elastic problems, we
show that the optimal rate of convergence is preserved for piecewise linear finite elements. Yet, the formu-
lation is general and thus it can be extended to other elliptic boundary value problems. Copyright © 2015
John Wiley & Sons, Ltd.
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1. INTRODUCTION

The modeling of many problems in physics and engineering involves complex geometries. The
analysis of these problems by means of the standard Finite Element Method (FEM) is often an
intricate process. This complexity stems from the fact that accurate FEM solutions can only be
obtained by using meshes that conform to the boundary of the problem domain. In this paper,
conforming mesh and matching mesh are used interchangeably, denoting that the faces of finite
elements align with the geometric boundaries of the objects they discretize. Generating con-
forming meshes for complex geometries is indeed challenging, especially in three dimensions.
Even though significant progress has been made in the development of efficient mesh-generation
software, creating matching meshes remains a laborious process that is associated with high
computational costs. Further issues arise if the problem domain contains strong or weak dis-
continuities, i.e., C ~!-continuous and C°-continuous solution fields, respectively. In such cases,
the Finite Element (FE) mesh needs to conform not only to the external boundary but also to
the geometry of the discontinuities, which makes the mesh generation even more challenging.
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The limitations of the standard FEM with the use of matching meshes become particularly apparent
when dealing with problems where boundaries change throughout the analysis. In these problems,
re-meshing in every step of the analysis is required, and thus, a completely different approach
is necessary.

The Generalized/eXtended Finite Element Method (GFEM/XFEM) addresses these problems by
incorporating especial enrichment functions to the standard FE basis [1-5]. In the following, the
terminology GFEM will be used to refer to both the GFEM and the XFEM as they are essentially
the same method [6]. The enrichment functions incorporate a priori knowledge of the solution
field and therefore make possible the obtention of accurate solutions using non-matching meshes.
According to the particular problem at hand, different types of enrichment functions have been
successfully applied with the GFEM. Examples of enrichment functions are numerous and include
harmonic polynomials, the Heaviside function for strong discontinuities, the level set function for
weak discontinuities, closed-form solutions for dislocations in infinite media, and the asymptotic
solution of Williams for crack tip fields [3, 7-9]. The method is consequently applicable to a wide
range of problems, and in many cases, simple structured meshes are used in the analysis. The fact
that the mesh can be chosen independently of the problem geometry is a major advantage of the
method. The solutions obtained with the GFEM preserve the optimal convergence rate if a proper
enrichment function is chosen, while offering greater flexibility compared to the FEM. Successful
GFEM applications include the modeling of crack growth [10, 11], solidification problems [12],
two-phase fluids [13], contact [14], and multiscale analysis [15]. A comprehensive review of the
method and its applications can be found in [16].

Even though the GFEM offers many advantages compared with the standard FEM, the treat-
ment of Dirichlet boundary conditions (BCs) in the former poses significant problems if the
FE mesh does not align with the Dirichlet boundary. The problem is similar to the treatment
of Dirichlet BCs in mesh-free methods, as there is no way to strongly enforce Dirichlet BCs
in the GFEM. This is because test functions, which vanish only on the Dirichlet boundary, are
very difficult to construct without over-constraining the problem and causing boundary lock-
ing [17-19]. In this case, the approximation of the normal flux is sub-optimal, as discussed by
Moés et al. [19]. The most common ways for imposing Dirichlet BCs on non-matching meshes are
the use of Lagrange multipliers [19-25], Nitsche’s method [22, 26, 27], the penalty method [22, 28],
and hybrid/discontinuous Galerkin formulations [29, 30]. Among these techniques, the Lagrange
multiplier method can be applied to a large set of problems for which the solution requires con-
straints to be satisfied. In its straightforward formulation, the Lagrange multiplier is introduced
as a dual field, in addition to the primal unknown field. However, the choice of an appropri-
ate Lagrange multiplier space is complex. In many cases, oscillations in the tractions along the
Dirichlet boundary are observed, indicating that boundary locking occurs [19, 31, 32]. This can be
explained mathematically by the fact that the inf-sup condition is not satisfied [33]. Approaches to
resolve this issue can be classified into three main categories. Methods in the first category make
use of additional stabilizing terms and are therefore known as stabilized methods. The work of
Barbosa and Hughes [25] is one of the earliest contributions in this category. The authors guaran-
teed stability of the Lagrange multiplier method by adding least squares-like terms to the Galerkin
formulation. Another stabilized method was proposed by Burman and Hansbo [24], by combin-
ing element-wise constant multipliers with a stabilizing parameter to penalize the jump of the
multiplier over element faces. Recently, Hautefeuille er al. [23] used a Nitsche-type variational
approach for stabilization of the Lagrange multipliers. In contrast to stabilized techniques, the meth-
ods in the second and third categories are referred to as stable because they do not require an
additional stabilization term. In the second category, stability is ensured by choosing a number of
Lagrange multipliers that is small enough to pass the inf-sup test. In order to build such a reduced
Lagrange multiplier space, Mogs et al. [19] proposed a complex algorithm to select a set of nodes
on which independent Lagrange multipliers can be defined. A more straightforward algorithm to
detect these so-called vital vertices was outlined in [34], where the space was obtained by applying
the trace operator to the primary shape functions. Hautefeuille et al. [23] combined this algorithm
with a new discontinuous set of shape functions for the Lagrange multipliers. Finally, the stable
Lagrange multiplier methods in the third category ensure stability by enriching the primal space.
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This approach was used by Gerstenberger and Wall [20], who shifted the constraining multiplier
field from the interface to the background mesh. The Lagrange multiplier field was consequently
replaced by an additional unknown stress field. They enriched both the primal and the additional
stress fields with a step function to ensure stability. The new methodology presented in this paper
makes use of an enriched primal field as well and hence belongs to the last category.

In this work, we show that Dirichlet BCs on nodes of enriched elements in non-matching FE
meshes can be enforced by coupling the Lagrange multiplier method to the Interface-enriched
Generalized Finite Element Method IGFEM). The IGFEM is a special type of GFEM that was intro-
duced recently for the treatment of weak discontinuities [35]. It has been successfully applied to the
treatment of heat transfer problems in two dimensions [35] and three dimensions [36], to the conju-
gate heat transfer problem in microvascular polymeric materials [37, 38], and to the cohesive failure
of heterogeneous adhesives [39]. The IGFEM enrichment function vanishes at the standard nodes
of enriched elements by construction. This is an important property that allows for a straightfor-
ward imposition of Dirichlet BCs on enriched elements that conform to the Dirichlet boundary. We
demonstrate that this property is also advantageous for the treatment of Dirichlet BCs on enriched
elements that do not conform to the essential boundary. An immediate consequence of the IGFEM
formulation is the explicit discretization of the boundary, which can conveniently be used for the
definition of a Lagrange multiplier space. Following the method proposed by Ferdndez-Méndez and
Huerta [22] for the imposition of Dirichlet BCs in mesh-free methods, we use the point colloca-
tion method for the construction of the aforementioned space. To our knowledge, this is the first
work that combines the point collocation method with a generalized FE formulation for prescrib-
ing Dirichlet BCs on non-matching meshes. With this approach, no oscillations in the multiplier
are encountered, and thus, stabilization of the Lagrange multiplier is not required. The proposed
method is straightforward to implement, and the results show that the optimal rate of convergence
is preserved.

The remainder of this paper is organized as follows. In Section 2, the problem formulation is
outlined. The weak form is then discretized, and the properties of the final system of equations
are discussed. Subsequently, in Section 3, the results for various examples of linear elasticity are
analyzed, and a convergence study is presented. Finally, conclusions are given in Section 4.

2. PROBLEM FORMULATION

Consider the d-dimensional (d = 2, 3) Euclidean space R% where a coordinate is given by x =
x;e;, and e; are the vectors of a chosen basis (Figure 1). Let 2 C R4, with closure €2, represent

€2

€]

Figure 1. Mathematical representation of a solid €2, composed of matrix and inclusion phases €237 and Q;,
respectively. Regions of the boundary I';, and I'; represent the portions of the boundary with prescribed
Dirichlet and Neumann boundary conditions.
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a solid composed of two mutually exclusive phases €237 and €2 that indicate the matrix and the
inclusion, respectively. The domain boundary I' = 902 consists of the Dirichlet boundary I';, and
the Neumann boundary I';, such that T =T,UT;and T, N T; = @. The outward unit normal to
[ is thus n = n;je;. The material interface is denoted with T; = Qs N Q.

The strong form of the boundary value problem is as follows: Given the body force b : @ — R¥,
the Cauchy stress tensor o : Q x Q@ — R9, the prescribed displacement & : I, — R<, and the
prescribed traction f : I'; — R¢, find the displacement field u : @ — R¢ such that

V.eo+b=0 in Qu, 2y, (1)
o-n=t on I}, ()
u=u onlI, 3)

with bimaterial interface conditions
[o-n]=0 on Iy, “4)
[ul =0 on ;. &)

In Equation (1), V- denotes the divergence operator, and [-] in Equations (4) and (5) denotes the
jump across the material interface, i.e., [p] = @| .+ — (p|F1— for some vector-valued function ¢.
In addition, the explicit dependence of the Cauchy stress tensor on the displacement field has been
omitted, i.e., 0 = o (u).

Let U(Q2) := {u Q- Rd| u e HY(RQ), i=1,..., d} be the set of functions used for the
trial solution and the weight functions, where H!(2) denotes the Hilbert—Sobolev first-order
space [40]. Furthermore, let £ ([',) := {17| ni € H™V/? (Fu)} be the set of functions used for the
Lagrange multiplier field introduced to enforce the Dirichlet BC (3), where 7£~1/2(I',) denotes the
dual space of HY 2(T') [41]. The resulting weak form of the problem can be written as follows:
Find u € U and 5 € £ (I")) such that

a(v,u)o — (y.u —w)p, — (v.pr, = (v.0)r, + (v,b)g VYvelU(Q),y € L(Ty). (6)
The bilinear and linear forms are defined as follows:
a(v,u)g = / o(u):e(v)dQ,
Q
(y,u—wr, =/ y-(u—u)drl,
Iy
(v,mr, :/ v-ndT,
Ty
(v, 0)r, =/ v-1dT,
Iy
(v,b)g =/ v-bdQ2,
Q

where & denotes the infinitesimal strain tensor
1
e =Vsu = 3 (Vu + Va™). @)

Note that the Lagrange multiplier field has a physical interpretation, as it defines the mechanical
traction § = o - n along the Dirichlet boundary [22]. Note also that the Dirichlet BC is enforced in
a weak sense.

In the following, it is assumed that an arbitrary d-dimensional domain D, on which the mesh
will be constructed, may be larger than the actual problem domain 2, i.e., 2 C D (Figure 2(a)).
The domain D is called the hold-all domain [17] and is discretized into n,; finite elements such
that D" = int (U?;’lﬁi) and w; Nw; = B,Vi # j. Note that D = D" because the hold-all
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Figure 2. (a) Hold-all domain D that contains the actual problem domain 2 and its boundary I". The ele-

ment set B” consists of all finite elements that have a non-empty intersection with I'; (b) elements that lie

fully outside the problem domain are removed from the analysis; and (c) red circles denote the location of
additional nodes that are created along the boundary for the IGFEM formulation.

domain is chosen to have a simple boundary in order to ease the generation of a structured mesh.
The boundary sub-mesh is defined as B := {U,;w;| w; N T # @}. The cardinality of B” is denoted
by np, i.e., the number of elements in the set B". All elements for which w; N Q = 0 lie fully
outside the problem domain and are therefore discarded during the analysis (Figure 2(b)). The focus
in this paper is on the treatment of the elements contained in 5” and not on elements intersected
by the bimaterial interface, which was discussed in detail in [35]. The inclusion phase is thus not
explicitly shown in Figure 2(a)-2(c) to facilitate the illustration.

For the discretization of the weak form (6), appropriate approximations for the displacement and
the Lagrange multiplier fields need to be chosen. The IGFEM formulation is used to discretize the
displacement field [35]. Let the set U ¢ H'(D) consist of polynomial interpolation functions of
the form used in the IGFEM, i.e.,

W) = N+ Y Wi

i=1 i=1

Uu(D) := , 8)

standard FE part enriched part

where the first term in the interpolating function involves a summation over the n nodes of the finite
element mesh and the second term over n., interface nodes. The latter is created during the gener-
ation of integration elements by intersecting the problem boundary and the material interface with
the element edges (Figure 2(c)). In Equation (8), N; (x) denote the standard linear Lagrangian shape
functions, U; the standard degrees of freedom (DOFs), ¥;(x) the IGFEM enrichment functions,
and «; the enriched DOFs. Note that, as in the standard FEM, a geometrical discretization error is
introduced when the geometry of the boundary and that of the material interface are not captured
exactly, i.e.,, ' Fh, I'j=~ I’;’. Yet, this error could be reduced by adding one or more nodes over
the interface [35]. The enrichment functions are obtained from a linear combination of the standard
Lagrangian shape functions in the integration subdomains. In Equation (8), the Lagrangian shape
functions N; (x) form a partition of unity, i.e., they satisfy > ;_, N;(x) =1, Vx € D" In the con-
ventional GFEM formulation, the partition of unity is used to ensure that enrichment functions are
localized to the elements that contain enriched DOFs. This is not needed in the IGFEM because the
enrichment functions have local support by construction, so that they are identically zero on finite
elements that do not interact with the interface. This fact constitutes the main difference between
the GFEM and the IGFEM. The continuity of the displacement field is ensured by requiring that
the a; are shared between interface nodes of neighboring integration elements. Having defined the
interpolating functions for the displacement field, the difficulty now lies in the choice of a correct
Lagrange multiplier set that will not trigger oscillations. As suggested in [22], the point collocation
method will be used for the discretization, where the collocation points (d = 2, 3) are chosen such
that they correspond to the nodes that are created on the intersection between the boundary and the
edges of the hold-all domain mesh. In this method, the Dirac delta function & (||x||) is chosen as
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the shape function for the Lagrange multipliers. The Lagrange multiplier set £” is consequently
defined as follows:

Nen
£h(ry) = {n”(x)=28(nx—xf||)m}, ©)
i
where xiB corresponds to the coordinates of the interface nodes on the Dirichlet boundary I',,.

The discrete formulation of the weak form can be formulated in the Bubnov—Galerkin setting
h . h h h__ — h _h h h
a@h g — (y"u" =) —(v"y") =" 0n + 0" b,
Ty Ty ' (10)
Vo e uh vy e ct,

where u” and nh are defined in (8) and (9).
In order to assemble the final system of equations from the weak form (10), the enriched element
shape function vector N¢/ and the boundary shape function vector M¢! are defined as

N = [Ngh N s T (v
N =[5 (= B1) - 8 (1 w2, ). "

where v,; and v, are the number of standard and interface nodes per element. The enriched element
shape function matrix and the element boundary shape function matrix are obtained as

N =N @1, (13)
M =M ®1, (14)

where I is the identity matrix and ® denotes the Kronecker product.
Combining Equations (7) and (13) and using the Voigt notation, the element strain tensor can be
expressed as

eel — VSNelDel — BelDel, (15)
where D = [U, «]T. This yields the global system of equations
T
K G D| _|f , (16)
G 0 H g

where the vector H contains the coefficients 3;, and the sub-matrices for a linear elastic material
with material tensor C in Voigt notation are obtained as follows:

Rel
K - e@l Q»l BE[TCelBel dQ’ (17)
el
f= A (/ Ne'FdT +/ Ne”bdQ), (18)
el=1 re! Qel
np
G = ﬁl » M TNe 4T, (19)
ngp
e= A | meaar (20)

In Equations (17)—(20), A denotes the finite element assembly operator. A zero displacement is
prescribed to nodes that belong to B” but lie outside of 2.
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3. NUMERICAL EXAMPLES AND CONVERGENCE STUDIES

This section discusses the application of the proposed methodology to problems of linear elasticity
that contain a material interface. For the following examples, it is assumed that all materials are
isotropic and linear elastic. The stress tensor therefore takes the form

o =Ce = Atr(e)l +2ue, (21)

where A and u are the Lamé parameters, tr(-) denotes the trace operator, and I is the second-order
identity tensor.

For the first three examples, the solution is compared with the standard IGFEM solution, where
the mesh conforms to the external boundary but not to the material interface. In order to investigate
the convergence and accuracy of the solutions, the L2-norm and the energy norm a of the error are
defined as follows (dependence of # on x implied):

=gy | g | —uh]? de

€2 = ———— 10 = 5 (22)
lull L2 Jo llull® d©

_lu—u"la _ [Jole—eh)-C(e—eh) d@ 03

T ule Joe-Ce dQ -

The simulation results will show that the method presented in this paper is versatilely applicable to
any arbitrary boundary geometry. Furthermore, it will be demonstrated that Dirichlet and Neumann
BCs can be imposed on the same node for two different DOFs.

In the last example, a thin epoxy film is deformed by applying a shear displacement along its top
boundary. The geometry of the outer boundary is complex because of the roughness of the film. This
last example demonstrates how the analysis is simplified by using a non-conforming mesh.

3.1. Two-dimensional plate: patch test

For the patch test, the 2D plate of size L x L depicted in Figure 3 is considered (with L = 2 and
unit thickness). This problem, which consists of two different materials with the interface along the
line x; = O, is designed such that a 1D exact solution can be obtained in 2D. The two materials

L
JE— 7 >
€24 >
L —> €1 : {1 =2
E1 =10 E2 =1 >
v = vy =0 4

1|W g
X
Figure 3. Two-dimensional plate on rollers. The material on the right and left sides has Young’s moduli of

1 and 10, respectively. The Poisson ratio is 0 for both materials. A uniform traction ; = 2 is applied along
the right edge of the plate.
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Figure 4. Finite element meshes: The white line indicates the location of the material interface and the

red line the location of the part of the Dirichlet boundary that does not conform to the element edges.

(a) Structured mesh that conforms to the Dirichlet boundary for standard IGFEM solution; (b) discretiza-

tion of hold-all domain; and (c) structured non-conforming mesh for the IGFEM solution coupled with
Lagrange multipliers.

are linear elastic, with Young’s moduli taking values E; = 10 and E, = 1 for the material on the
left and right sides of the interface, respectively. The Poisson ratio is equal to O for both materials.
The displacements #; = 0 and u, = 0 are prescribed along the left and bottom edges, respectively.
A constant traction per unit length 7; = 2 is applied along the right edge of the plate. The exact
solution for the displacement field is given by

B %+%for—L/2§x1S0,
Uy =9 - _ (24)
% % for 0<x;<L/2,
- (25)

The resulting displacement field is piecewise linear in x; and has a kink, i.e., a weak discontinuity,
along the material interface.

Numerical solutions are computed with both the standard IGFEM and with the method pro-
posed in this paper. For the former, the problem domain 2 is discretized with a structured mesh
that is conforming to the entire Dirichlet boundary and non-conforming to the material interface
(Figure 4(a)). For the latter, the IGFEM is combined with the Lagrange multiplier method as
described in Section 2. For this purpose, only the part of the plate starting at x; = —0.7 is modeled,
and the exact solution for u; given in (24) is applied along the boundary I'p = {x| x; = —0.7}. The
first step involves meshing the hold-all domain, which is set to L x L in this example (Figure 4(b)).
Subsequently, all elements that lie fully outside the problem domain are removed from the analysis.
The final structured mesh shown in Figure 4(c) does not align to I'p, and therefore, the IGFEM
enrichment functions are coupled with Lagrange multipliers in elements intersected by I'p. Note
that u, is not constrained along I'p. This corresponds to a zero traction BC in the direction of e5.
Consequently, Dirichlet and Neumann BCs are simultaneously being applied at the interface nodes
discretizing this part of the boundary. Three-node triangular elements are used for the analysis. In
both cases, the L2-error is of the order of 10714, so that the exact solution is obtained not only
with the standard IGFEM solution but also with the new formulation presented in this paper. As
explained in Section 2, the Lagrange multiplier field corresponds to the traction along the Dirichlet
boundary. In order to verify this, the sum over each component of the boundary force vector is cal-
culated and compared with the sum over each component of the Lagrange multiplier vector. The
difference is again of the order of 10714, j.e., X" f; = Y 4XMen 3. The distribution of the trac-

i=1 j=1
tions along both edges of the plate is illustrated in Figure 5. It is worth noting that the traction
field on the left edge does not seem uniform because the interface is placed at x; = —0.7, and

so the measure contributing to each node along the interface is not uniform (as is the case in the
right edge).
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)

i

Figure 5. Deformed shape for the problem described in Section 3.1. Arrows on the right edge of the plate

correspond to the applied traction, while arrows on the left edge correspond to the Lagrange multiplier in

each node, i.e., the resulting traction. To ease the visualization of the tractions along each edge of the plate,
the traction distribution is given for the case of a coarse mesh.

3.2. Two-dimensional plate: convergence study

For the convergence study, a constant body force per unit area b; = 2 is now applied to the plate of
the problem of the previous section. The exact solution for the displacement field is now given by

("‘“)[ZQE‘IL(’“‘”] for — L/2 < x1 <0,

E»(3L+2f1)+E1x1[2(f1+L)—Lx] P
2EE> or

Uy = (26)

0$X1$L/2,

uy = 0. 27)

Similar to the patch test, the numerical solutions are obtained with the standard IGFEM for the
boundary conforming meshes and with the coupled IGFEM/Lagrange multiplier approach for
meshes that do not conform to the Dirichlet boundary. In the first case, the numerical domain corre-
sponds to the full plate, whereas in the second case, only the part of the plate for which x; = —0.7
is analyzed. The exact displacement from (26) is imposed along I'g in the direction of x;. Because
of the constant body force, the exact displacement field is now a quadratic function of x, and thus,
the exact solution cannot be reproduced by using three-node triangular elements. Figure 6(a) and
6(b) shows the error in the L? and energy norms as a function of the mesh size 4. The optimal rate
of convergence is achieved with both procedures.

3.3. Eshelby inclusion problem

The second example is inspired by the classical Eshelby inclusion problem, as discussed in
[8, 42, 43]. The problem domain is a circle of radius r,, = 2. A circular inclusion of radius r; = 0.4
is embedded in the center of the domain. The material properties for the matrix and the inclusion
are £1 = 1,v; = 0.25, E, = 10, and v, = 0.3, respectively. Plane strain conditions are assumed,
and a linear displacement is applied along the outer boundary of the domain as follows:

ur(ru. @) = ru. (28)
ug(ry,¢) = 0. (29)
The exact solution for the displacement field is given by
2 2
I:(l—:—_g)a+:—§:|r for 0<r<mr,
u,(r,¢) = ! ! (30)
r2 r2
(r—T“)oz—}—T“, for ri <r <ry,
ug(r.¢) =0, (31)
Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2015; 103:430-444
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0—© standard IGFEM
# —» IGFEM with Lagrange multiplier

1072 F

BTN S ;
1074 E
1075 =

102 10°
(a)
101 T
60— standard IGFEM
# —% [IGFEM with Lagrange multiplier
1S 1072 =
1073 :
1072 1071 10°

(b)
Figure 6. Convergence results for the 2D plate shown in Figure 3 with a constant body force b1 = 2. The

figures show the error in the LZ-norm (a) and in the energy norm (b) as a function of the mesh size /.

where « is a function of the geometry and the Lamé constants for the matrix (A, ;1) and for the
inclusion (A2, (o)

oy = (A1 + p1 + p2)ry
(A2 + Mz)rf + A+ ) (V,f - "lz) + par?

(32)

Here, the numerical domain is chosen to correspond to the circular domain with radius r, =
v/4/m shown in Figure 7. The exact displacements are prescribed along the outer boundary of
the numerical domain, and three-node triangular elements are used to construct the meshes of
different levels of refinement. The problem is analyzed with the standard IGFEM and with the
method introduced in this paper. The meshes are therefore conforming (Figure 8(a)) and non-
conforming (Figure 8(b)) to the external boundary, respectively. The convergence results for the
L? and energy norms are given in Figure 9(a)-9(b). Optimal rates of convergence are once
again preserved.

Finally, the squared L2-error in each element is displayed in Figure 10, where the number of ele-
ments is 1774 and 2022 for the standard IGFEM and for the IGFEM/Lagrange multiplier solutions,
respectively. The Dirichlet BCs are matched exactly at boundary nodes in both cases, because the
error in the elements containing the Dirichlet boundary is negligible. It can also be seen that the
main source of the error corresponds to the discretization of the inner circular inclusion.
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Figure 7. Eshelby inclusion problem of Section 3.3.
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Figure 8. Finite element meshes for the Eshelby inclusion problem described in Section 3.3. (a) Unstructured

mesh that conforms to the Dirichlet boundary for the standard IGFEM method and (b) structured non-

conforming mesh for the IGFEM solution coupled with Lagrange multipliers. The latter figure also shows
the part of the hold-all domain mesh that is removed for the analysis.

3.4. Shearing of epoxy film

In this example, we study the deformation of a rough epoxy film due to an imposed shear displace-
ment. The Young modulus and the Poisson ratio of the epoxy are 2.4 GPa and 0.34, respectively.
The film has a total length of 2 mm, and the geometries of the rough bottom and top surfaces are

defined by the following functions (Figure 11(a))

3
x| x2 —0.001 [ sin (2k500x1) 10.0025=0),
k=0 33)

3
I, = { x| 0.001 [ sin (2k500x1) +0.0025 —x, =0
k=0

T, =

The epoxy film is fixed along the bottom side, and a shear displacement, which is proportional to
the height, is imposed along the top side
_ {0 Vx €Iy, (34)

" =103x0e; Vx €T,.
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Figure 9. Convergence results for the Eshelby inclusion problem of Section 3.3. The figures show the error
in the L2-norm (a) and in the energy norm (b) as a function of the mesh size .
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Figure 10. Squared L?-error in each element: (a) boundary conforming mesh and (b) non-conforming mesh.

By using the method presented in this paper, the burden of creating a mesh that conforms to the
many surface asperities is avoided. Instead, the simple structured mesh shown in Figure 11(b) is
used for the analysis.

Figure 12 shows the normal stress components 11, 022, together with the shear stress 015, on
the deformed configuration for the given problem. It is worth noting that an arbitrary number of
rough surfaces can be studied by using the same structured finite element mesh by just changing the
roughness expressions of Equations (33).
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Figure 11. (a) Schematic of an epoxy film subjected to an imposed shear displacement on the top. (b)
Structured non-matching mesh used for the analysis.
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Figure 12. Deformed configuration and stress maps, in MPa, for the epoxy film problem outlined in
Section 3.4. From the top to the bottom, the figures show the normal o1, 022, and the shear o> stress
components.
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4. CONCLUSIONS

In this paper, a new formulation for the imposition of Dirichlet BCs for problems with complex
boundary geometries was introduced. This method allows for the analysis of problems using non-
matching FE meshes, thereby avoiding the burden of generating meshes that match the domain
boundary. For this purpose, the IGFEM was combined with the Lagrange multiplier method, and
the results show that the optimal rate of convergence is preserved. Because of the use of the IGFEM,
the total number of DOFs should be smaller than the formulations that combine conventional
XFEM/GFEM to enrich the primal space with a Lagrange multiplier field. Furthermore, no extra
costs of identifying a stable Lagrange multiplier space are encountered. Even though the framework
was presented in the context of linear elasticity, it is general and may be applicable to any type
of elliptic linear boundary value problem where essential BCs need to be enforced. The method is
robust and straightforward to apply. Furthermore, the versatility of the method permits the study of
an arbitrary number of complex boundary geometries by using the same FE mesh, as demonstrated
by the shearing of an epoxy film example of the previous section.
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