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A novel methodology consisting of three hierarchical levels is proposed for the detection
phase of contact mechanics simulations. The top level of the hierarchy uses kinematic
information from the objects involved in the simulation to determine approximate colli-
sion times. These instants then determine when the engine resumes operation for further
detection. By using bounding volume hierarchies, the second level of detection precludes
contact by computing simple exclusion tests on bounding volumes of increasing tightness.
When contact cannot be ruled out by using simple tests, the final level of detection comes
into effect by using thorough checks on finite element primitives. To that purpose, a robust
optimization-based formulation that does not rely on orthogonal projections is outlined.
The detection framework can be used to predict the exact collision time among finite ele-
ment discretizations. The performance of the proposed methodology is investigated with a
set of examples.

� 2013 Elsevier B.V. All rights reserved.
1. Introduction

The science of contact mechanics originated in the early 1880s with the work of Hertz [1], who solved the problem of two
elastic bodies with convex boundaries in contact. The advent of computers, and the development of the finite element meth-
od (FEM) for the simulation of a wide range of engineering problems, gave rise to the field of computational contact mechanics.
The latter aims at providing the computational means for the prediction of the physical processes that occur when simulated
solid bodies come into contact with one another. Diverging from a purely theoretical framework, the latter has found appli-
cations in a wide range of areas, including the analysis of crashworthiness [2], metal forming [3,4], shell structures [5], and
impact and penetration [6]. The implementation of a contact mechanics algorithm can be roughly subdivided into two major
components: (i) contact detection, and (ii) contact resolution. This article discusses the first major component, as the detection
phase can encompass a major portion of the CPU time in the simulation of contact, specially with explicit integration time
stepping algorithms [7]. As an example, Attaway et al. [8] allot 30% to 60% of the computational time to the contact detection
phase on the Cray Y-MP vector supercomputer.

In computer science, collision detection describes the procedure by which the intersection between at least two objects is
determined. Collision detection has found applications in computer graphics visualization [9,10], virtual reality [11], com-
puter-aided design (CAD) [12,13], game development [14], and robotics [15–17]. Collision detection checks are typically car-
ried out following a space decomposition or on hierarchies of bounding volumes, or even a combination thereof. The
objective of the former is to subdivide the search space so that the number of collision checks is minimized. Choices for space
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decomposition can consist of tree data structures, including binary space partition (BSP) trees [18,19], k-d trees
[20,21,11,22], octrees [23–25], R⁄-trees [26], tetrahedral meshing [11], and grids [27]. Bounding volumes typically chosen
for building hierarchies include bounding spheres (BSs) [9], axis-aligned bounding boxes (AABBs) [27], discrete orientation
polytopes (k-DOPs) [10], oriented bounding boxes (OBBs) [28], and convex hulls [29]. For survey articles on collision detec-
tion, the reader is referred to [30–32] and the references therein. Also, a thorough treatment on collision detection can be
found in the book by Ericson [33].

The contact resolution is the phase of the simulation that determines the response of colliding objects. Under the termi-
nology of collision response, the computer science literature lists a substantial body of work, starting from the early works on
the response between rigid bodies [24,34–36], to the study of deformable bodies [37–39], cloth animation [40–44], fragmen-
tation [45,46] and even hair assemblies [47,48]. Even though most of the works on collision response in the computer graph-
ics literature are simplistic in regards to the physics, some newer articles address the response in a more rigorous manner,
e.g., by including adhesive contact [49] and friction [50,51,47,48,44]. The finite element method has also been used for more
accurate representations of the response [39,44]. Note that this is by no means an exhaustive list.

This article emphasizes on the contact detection phase, and as expressed above, there is a wealth of knowledge from the
computer science community that could successfully be applied to the field of computational contact mechanics. We will
focus mainly on collision checks on bounding volume hierarchies, as this procedure can be combined with any aforemen-
tioned space decomposition technique. Gottschalk et al. [28] employed hierarchies of OBBs and showed that they outper-
form the use of BS and AABB hierarchies in situations of close proximity. Klosowski et al. [10] studied the use of
bounding volume trees based on k-DOPs and showed that their algorithm can perform the collision detection of hundreds
of thousands of polygons at interactive rates. Otaduy and Lin [52] introduced the idea of contact levels of detail (CLOD), by
which they use a dual hierarchy of the model for accelerating the collision detection phase. One hierarchy is a multiresolu-
tion representation of the model, while the other one uses bounding volumes. In a recent publication, Larsson and Akenine-
Möller [53] combine the BSs, OBBs, and k-DOPs into slab cut balls, which are hybrid bounding volumes that outperform both
BS and OBB hierarchies.

In the computational contact mechanics literature there is only a handful of works that adopt some of this knowledge.
Grids are the space decomposition methodology of choice [5,54]. The straightforward implementation of this technique, that
is also referred to as bucket search, may be the culprit for its prevailing adoption among computational mechanicians. A
global contact search methodology based on the sorting of slave nodes is also described by Heinstein et al. [54]. Yang and
Laursen [7] have recently implemented the detection based on hierarchies of k-DOPs in the context of contact simulations
based on mortar formulations. Nevertheless, it is the view of the authors that there is a considerable time lag between the
two fields of study. This manuscript is the authors’ attempt on using some of the newer knowledge gathered by the computer
science community and apply it to the field of computational contact mechanics.

In this article we propose a novel three-level detection phase for contact mechanics. At the upper level, a trajectory based
approach is used to compute the approximate time the detection engine initiates to operate. In the literature, a fixed time
step is normally used to perform the detection, and collisions can be missed depending on the choice of this parameter. By
determining an approximate time of a collision, the proposed approach is robust as it guarantees the detection of all colli-
sions. A second level of detection consists of carrying out intersection tests on hierarchies of bounding volumes. Initially, the
simplest bounding volumes are used, and adaptivity is applied to the bounding volumes as more precise detection tests are
needed. The final stage of the detection phase consists of thorough checks for actual contact, by computing distances from
nodes to finite elements using an optimization-based approach. An appropriate contact detection engine has to be both effi-
cient and accurate [15], for it is important that precise contact detections are determined with the least amount of time. In
the proposed scheme, the upper two layers are concerned with efficiency, while the last layer deals with accuracy. The pro-
posed strategy can prove invaluable in speeding up this computationally-intensive stage of physics simulations involving
contact.

The article is organized as follows: the description of the contact problem, together with mathematical definitions of
bounding volumes and their corresponding hierarchies, is provided in Section 2. Section 3 outlines the proposed hierarchical
approach to contact detection. Implementation details of the framework are given in Section 4. Finally, Section 5 presents
some examples of the use of the proposed methodology.
2. Problem description

Let Rd represent the d-dimensional Euclidean space, where a coordinate is represented by x ¼ xiei, and ei is a chosen
orthogonal basis. The space is equipped with inner product �; �h i that induces the norm xk k ¼

ffiffiffiffiffiffiffiffiffiffiffi
x; xh i

p
. Let Xi � Rd be the

mathematical representation of the ith object involved in the simulation, as shown in Fig. 1. The boundary of the domain
@Xi :¼ Xi nXi, with unit normal ni, can be decomposed into mutually exclusive regions @Xu

i [ @X
t
i [ @X

c
i . The regions @Xu

i

and @Xt
i correspond to those where Dirichlet and Neumann boundary conditions are prescribed, respectively. The contact

constraints are enforced in @Xc
i , that depending on the problem, may be equal to ; most of the simulation time.

For each individual domain Xi, we are interested in obtaining its displacement u x; tð Þ : Xi � T ! Rd, and corresponding
velocity _u and acceleration €u fields, for a time period T � R. The initial elasto-dynamics boundary value problem is stated
as: given the body density qi : Xi ! R, body force bi : Xi � T ! Rd, initial displacement and velocity u0

i ; _u0
i : Xi ! Rd,
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Fig. 1. Schematic of two solid bodies in contact.
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prescribed displacement ~ui : @Xu
i � T ! Rd, and prescribed traction ~ti : @Xt

i � T ! Rd, find the displacement field
ui : Xi � T ! Rd, such that 8Xi:
qi
€ui ¼ r � si þ bi in Xi � T;

ui ¼ ~ui on @Xu
i � T;

sini ¼ ~ti on @Xt
i � T;

ui x;0ð Þ ¼ u0
i in Xi;

_ui x;0ð Þ ¼ _u0
i in Xi;

ð1Þ
with Hertz-Signorini-Moreau conditions for frictionless contact [55]
ci P 0

si � ni 6 0 on @Xc
i � T;

cisi � ni ¼ 0

ð2Þ
where r � si designates the divergence of the stress tensor si : Xi ! Rd � Rd, and ci the normal gap function associated with
the contact boundary.

The subscript i that has been used so far to represent the ith body is removed henceforth in order to ease the formulation,
and thus the following definitions apply to a single object. A finite element discretization Xh, that approximates X as closely
as possible, is defined by its corresponding sets of finite elements E ¼ xif g and nodes N ¼ mif g. Note that there is a coor-
dinate xi associated with each node mi, so from this point forward they are considered equivalent and used interchangeably in
the article. The discretization has boundary @Xh :¼ Xh nXh, where the closure of the discretization is Xh � [ixi. Analogously,
given an element x, its boundary @x can be decomposed into faces ui such that @x ¼ [iui. It is the boundary @Xh that can
come in contact with itself or with other object boundaries, so the most fundamental components used in the contact detec-
tion phase are the faces of the finite elements that intersect the boundary. Element faces are therefore the lower dimensional
manifolds that are used as primitives for the computation of bounding volumes. For a given discretization Xh, let the contact
surface be defined as r :¼ uijui \ @X

h – ;
n o

. Let n be the number of nodes of the discretization that belong to the contact
surface, i.e., n ¼ N \ rj j.

In this manuscript emphasis is placed on the contact detection phase, so a standard finite element formulation for the
elasto-dynamics problem is used. Thus, without entering into the details of the discretization of the initial boundary value
problem given by Eqs. (1) and (2), the matrix problem is stated as: find the global displacement vector U such that
M€Uþ Fi Uð Þ þ Fj Uð Þ ¼ Fe t 2 T;

U ¼ U0;

_U ¼ _U0;

ð3Þ
where M is the mass matrix, and Fi; Fe; Fj are the internal, the external, and the contact force vectors, respectively. These are
obtained by means of the finite element assembly operator A of element local matrices and vectors. The displacement vector
U is obtained here by the Newmark explicit predictor–corrector scheme, even though the detection methodology is general
and can be used with any time-integration scheme. For additional details on the mathematical formulation of the FEM, the
reader is advised to consult classical textbooks on the subject [56,57].

Bounding volumes and their hierarchical representations

A sphere s � Rd, with radius r and center xc , is defined as
s r; xcð Þ :¼ x 2 Rd
�� x� xck k 6 r

� �
: ð4Þ
Thus, given a discretization Xh, there exists a bounding sphere that encloses all nodes in the boundary with minimum
volume
V� :¼ s �r; �xcð Þ � Xh; ð5Þ
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where
�r; �xcf g ¼ argmin
r;xc

V rð Þ ¼ 4pr3=3; ð6Þ

such that mi � xck k 6 r; 8mi 2 r: ð7Þ
Given a set of n points, efficient algorithms have been proposed to obtain tightly fitted bounding spheres with time complex-
ity O nð Þ [58,59].

Given a basis ei 2 Rd, the vector p ¼ piei represents an axis over which we would like to project a discretization Xh. Thus,
defining the projection operator
projpx :¼ x;ph i
pk k2 p; ð8Þ
the portion of the Euclidian space where there is a non-empty orthogonal projection of the body to the vector is defined as
Sp Xh
� �

:¼ x 2 Rd
��ap
6 projpx
�� �� 6 bp� �

� Rd; ð9Þ
where the bounds ap; bp 2 R are given by
ap :¼ inf
[
mi�r

projpmi

�� ��( )
; bp

:¼ sup
[
mi�r

projpmi

�� ��( )
: ð10Þ
In other words, Sp defines a slab in Euclidean space that has a non-empty orthogonal projection between the vectors ap�p and
bp�p, with �p ¼ p=kpk. With the definitions given by Eqs. (9) and (10), and given a set of vectors P ¼ pj; j ¼ 1; k=2

� �
, a discrete

orientation polytope representation of Xh, of degree k, is defined as
Vk :¼
Y
pj2P

Spj Xh
� �

¼ x 2 Rd
��x 2 \

pj2P

Spj Xh
� �8<

:
9=
; 	 Xh; ð11Þ
where
Q

denotes the cartesian product. In other words, a k-DOP represents the subset of the Euclidean space that contains
the intersection of k=2 slabs.

An axis-aligned bounding box in d-dimensional space can be represented as V2d, where the projection axes are chosen as
the Cartesian basis ei. Both bounding spheres and axis-aligned bounding boxes may not fit the discretization tightly, so high-
er-order k-DOPs can be defined to reduce the enclosing volume. These can be defined by adding projection vectors on dis-
crete directions. In R2, a 8-DOP represents the volume enclosed by the projections on the basis vectors ea;a ¼ 1;2, and the
two vectors 1;
1f gT. Similarly, a 14-DOP in R3 uses the basis ei and the four vectors 1;
1;
1f gT. The latter two, denoted V8

and V14 depending on the dimension, can be considered as a first order improvement from an AABB, for a tighter enclosure is
obtained by eliminating volume from the corners. Klosowski et al. [10] studied even higher order k-DOPs in R3, namely V18

and V26. An oriented bounding box, denoted as V2d
g henceforth, is equivalent to a 2d-DOP whose basis gi has been chosen

carefully as to reduce the enclosing volume of the discretization as much as possible. The basis of the OBB can be related
to the main basis ej through the orthogonal transformation Q½ �ij ¼ gi; ej

	 

.

Let T denote the graph that represents a rooted K-ary tree data structure that is used to define the bounding volume hier-
archy of a discretization Xh. K denotes the maximum number of children per vertex of the tree, e.g., K ¼ 2, for a binary tree,
K ¼ 3 for a ternary tree, and so forth. Formally, T :¼ V;Ef g, where V and E designate sets of vertices and edges, respec-
tively. Each vertex v j 2V Tð Þ denotes a bounding volume, with the one for the entire discretization corresponding to the
root of the tree. The hierarchy extends down to the tree leaves vk, which correspond to the bounding volumes of primitive
objects used in the discretization, i.e., those of finite element faces. The height of a balanced tree is h Tð Þ :¼ logK rj jd e, where
�d e denotes the ceiling function. The bounding volume at a depth less than h Tð Þ thus contains the bounding volumes of its

children, i.e., vk
1; . . . ;vk

K � vk
1...K � . . . � Vk.

3. A three-level contact detection engine

As mentioned in the introduction, a three-level contact detection phase is proposed in this work. This section describes in
detail each level and concludes with an analysis on the total cost of the detection engine.

3.1. High-level: trajectory-based detection

The top-most level uses a trajectory-based approach to determine the time tH 2 T , that is a prediction of the collision be-
tween the roots of bounding volume hierarchies. The methodology is illustrated schematically in Fig. 2, where the bounding
spheres of bodies Xi and Xj intersect at time tH. Bounding spheres are chosen because they loosely fit the objects and can
therefore accommodate their rotations without changing the volume. Given a bounding sphere V�i of radius ri, let its center



Fig. 2. Schematic of the high-level trajectory based detection, showing the collision between the bounding spheres of two objects Xi and Xj at time tH from
their initial positions at time t.
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position, velocity, and acceleration be denoted by xc
i ;vc

i and ac
i , respectively. Note that these kinematic quantities are deter-

mined from the finite element results, but in general they do not necessarily correspond to those of the object’s barycenter.
The position of the ith sphere in time is thus determined by xc

i tð Þ ¼ xc
i þ vc

i t þ ac
i t2=2. At any point in time, the relative dis-

tance between two such spheres is given by dij tð Þ ¼ xc
i tð Þ � xc

j tð Þ and their intersection (if any) is obtained at time tH by solv-
ing the quartic equation in time
dij tH
� �

� dij tH
� �

¼ ðri þ rjÞ2: ð12Þ
In the case that the bodies move with constant velocity, Eq. (12) reduces to a quadratic equation. Once the approximate col-
lision time is found for every pair of bodies, the detection engine ceases operation until time min tH

� �
. As a result, the high-

level detection has direct implications on the efficiency of the final framework, for no further work is needed until then.
The idea of space–time bounds in the context of collision detection is not new. While discussing an algorithm to find the

minimum distance between two convex polyhedra, Schwartz [60] describes the idea of collision-free paths given the
position of bodies as a function of time. Culley and Kempf [15] describe a methodology for detecting collisions using veloc-
ity–distance bounds, and thus adaptively advance the simulation time safely. Cameron [17] used the intersection of four-
dimensional (space–time) structures to determine the collision between objects undergoing linear motion. The methodology
presented here has some similarities with the space–time bounds employed by Hubbard in the collision detection for inter-
active graphics applications [9].

3.2. Middle-level: bounding volume hierarchical detection

The bounding spheres used in the trajectory-based detection level correspond to the roots of bounding volume hierar-
chies. At a given time, if any two of these spheres overlap, their hierarchies are traversed down from the root and collision
is tested at deeper levels due to the better representation of the volumes in the collision zone. Intuitively, the cost of testing a
pair of bounding volume hierarchies for overlap increases with the tightness of the bounding volumes that are used to rep-
resent the objects. The intersection of bounding spheres can be done rapidly, so they are chosen as a first approximation of
the bounding volumes in the entire hierarchy. Furthermore, spheres can completely bound any significant translational and
rotational changes in the objects without changing volume, which makes them suitable for when the objects are far from
each other. When the traversal finds leaves in both hierarchies, collision is imminent and the leaves’ bounding volumes
are refined by increasing their degree of tightness for a more accurate collision test. At this point the interacting bodies
are not expected to translate and rotate as before so their positions change slightly between time steps.

For the creation of the bounding volume hierarchies, this work adopts a bottom-up approach. Omohundro [61] conveys
that this procedure constructs bounding sphere hierarchies with the least amount of volume. In a bottom-up strategy,
bounding spheres are determined from all finite element primitives and then placed into an online insertion tree, which
would later hold the entire hierarchy. In this dynamic tree data structure, nodes are inserted into a location that tries to min-
imize the volume of the entire arrangement. A priority queue is also used in aiding the construction of the final hierarchy.
The best pair for each sphere is determined, defined as the one that minimizes their joint volume, and the resulting tuples are
stored in the priority queue. An iterative procedure follows, checking the tuple from the priority queue with the highest
priority, i.e., that with the least amount of joint volume. If the first sphere of the tuple has not already been paired, its cor-
responding best pair is obtained with the aid of the online tree. If the best pair matches the stored best in the tuple, the
sphere and its best pair are removed from the online tree, and linked into a parent node having their joint volume that is
reinserted into the tree. The procedure continues until the entire bounding sphere hierarchy is built. Details about the imple-
mentation of the algorithm can be found in [61].

The methodology for the construction of the bounding volume hierarchy is illustrated in Fig. 3 for two meshes. Figs. 3a
and 3b show the meshes that are used for the construction of the bounding sphere hierarchies displayed in the subsequent



(a) (b)

(c) (d)

(e) (f)

Fig. 3. Motorcycle (a) and jet (b) finite element meshes; (c), (d) bounding spheres at hierarchy leaves; (e), (f) twelfth level of their corresponding bounding
sphere hierarchies.
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figures. The resulting bounding sphere hierarchy for the mesh of the motorcycle is not balanced, resulting in an average
height of 18, with minimum and maximum depths of 8 and 38, respectively. The hierarchy of the jet has average, minimum
and maximum heights of 18, 8 and 43, respectively. The leaves of the hierarchies, which enclose the finite element primitives
in the model, are displayed in Figs. 3c and 3d. Similarly, Figs. 3e and 3f show the bounding spheres at a level 12 below the
root. The methodology using axis-aligned bounding boxes is again applied to the meshes of Fig. 3a and 3b, and the corre-
sponding leaves of the resulting bounding volume hierarchies are displayed in Figs. 4a and 4b, respectively. Hierarchies
of more complex bounding volumes can be constructed analogously. Nevertheless, the simpler the bounding volume used
in the hierarchy, the fastest the computation of its corresponding intersection exclusion test. Some of the bounding volumes
that can be used, together with their corresponding contact exclusion tests are described below.
3.2.1. Bounding sphere
This bounding volume encloses with a sphere all points of a particular discretization. The procedure of choice for the com-

putation of bounding spheres in this work is due to Ritter [58], who describes a two-pass O nð Þ algorithm to compute an
(a) (b)

Fig. 4. Leaves of the axis-aligned bounding box hierarchies.



580 A.M. Aragón, J.-F. Molinari / Comput. Methods Appl. Mech. Engrg. 268 (2014) 574–588
approximate bounding sphere. In a recent article by Larsson [59], a new methodology is proposed that produces tighter
bounding spheres at roughly the same time as Ritter’s algorithm. Larsson’s extremal points optimal sphere algorithm has com-
plexity O knð Þ, where k denotes the number of directions used for projections. A very small number of directions is needed to
provide a tightly fitted sphere, leading to an overall O nð Þ complexity.

Contact between two bounding spheres V�i and V�j can be ruled out iff
xc
i � xc

j

��� ��� > ri þ rj:
3.2.2. Axis-aligned bounding box
This method uses the Cartesian axes as the directions for the determination of the bounding volume. Its computation in-

volves finding minimum and maximum coordinate values along all coordinate axes, with an overall complexity O nð Þ.
Given two AABBs V2d

i ;V
2d
j , with corresponding bounds aek

i;j ; b
ek
i;j along the basis vector ek, contact is precluded iff
aek
i > bek

j

^
aek

j > bek
i ;
totaling 2d tests.

3.2.3. Oriented bounding box
The technique is similar to the one presented in Section 3.2.2 once the rotated basis gi is known. Gottschalk et al. [28]

suggest computing the mean position and the covariance matrix, and then obtaining the eigenvectors of the latter to find
this basis. Instead, a similar physics-based approach is proposed here using the concepts of barycenter and moment of iner-
tia. Given a finite element discretization Xh, let ı Nð Þ represent the index set of its nodes. The discretization barycenter is
computed as
xg ¼ 1
M

X
i2ı Nð Þ

mimi; ð13Þ
where M is the mass of the entire domain, and mi refers to the mass associated with node mi. The moment of inertia tensor
I : Xh ! Rd � Rd is computed as
I½ �jk ¼
X

i2ı Nð Þ
mi djk mik k2 � mi;jmi;k

� �
; ð14Þ
where djk is the Kronecker delta, and mi;j represents the jth coordinate of the ith node. Through the Huygens–Steiner theorem,
the moment of inertia tensor with respect to barycentric axes is
Ig½ �jk ¼ I½ �jk �M djk xgk k2 � xc
j xc

k

� �
: ð15Þ
The eigenvalue problem given by Igw ¼ kw determines the principal moments of inertia ki, and their corresponding angular
velocity vectors wi. The latter eigenvectors form the basis gi ¼ wi= wik k that is used to compute the OBB of the discretization.
Computing the barycenter and the moment of inertia tensor have both complexity O nð Þ. Because of the dimensions of the
inertia tensor, the determination of the eigenvectors has complexity O 1ð Þ. Then, as it is the case with an AABB, finding
the enclosing oriented bounding volume has complexity O nð Þ. As a result, the entire operation has complexity O nð Þ.

With two OBBs V2d
g and V2d

h , obtained in basis gi and hi, respectively, a sufficient condition for a contact rejection test is
agk
i > bgk

j

^
agk

j > bgk
i ;

ahk
i > bhk

j

^
ahk

j > bhk
i ;
for a total of 4d tests (over 2d directions) in the worst case. Note however that considering only these tests is conservative,
for a rigorous contact rejection test would require projections over 2dþ d2 directions due to the separation axis theorem
[28]. The 4d tests above fail to report, e.g., that there is no collision when two OBBs approach one another edge to edge
in R3. Nevertheless, not taking into account the additional directions is a conservative measure, as no collisions go unde-
tected and it avoids extra computation due to cases that are uncommon in practice. Through numerical experiments, van
den Bergen [62] reports that not considering the extra d2 directions results in incorrect rejection tests only in about 6%

of the time.

3.2.4. Higher order polytopes
With an overall complexity of O knð Þ; k-DOPs are obtained by carrying out projections over k=2 directions. For two

polytopes Vk
i ;V

k
j , the test for contact preclusion is
apk
i > bpk

j

^
apk

j > bpk
i ;
for all k=2 discrete directions pk.
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3.3. Low-level: optimization-based detection

When contact cannot be excluded from the tests on bounding volumes of the previous detection level, a more elaborate
test is needed to discern if finite element primitives intersect with one another. The cost of testing primitives for contact is
high because a thorough test comprises the need to compute distances between two contact surfaces. This computation may
involve several nodes and finite elements, and a robust approach is required as the usual node-to-node approach can fail to
detect the right contact location [54]. Consequently, distance computations that rely on orthogonal projections (often not
uniquely defined) are usually carried out. Here, we propose a robust formulation for the computation of nodal distances
to contact surfaces that can be used irrespective of the polynomial order of the underlying finite element mesh used for
the discretization. The methodology does not rely on the existence of an orthogonal projection to the surface and can thus
be used in the modeling of both smooth and non-smooth contact.

Consider in Fig. 5 a finite element discretization Xh of the domain, with contact surface r. Let the point y � mi represent a
node that can potentially enter in contact with the domain surface r. The node represented by y does not necessarily need to
belong to a different discretization, in which case the foregoing discussion is also relevant in the context of self-contact.

For a given face u � r, the coordinate x � u is a function of the natural (parent) domain coordinate n, as displayed in
Fig. 5. In other words, the coordinate x : Rd�1 ! Rd is represented by x nð Þ ¼

P
Ni nð Þmi, where Ni represents the Lagrangian

shape function associated with node mi. Note that due to the mapping from a lower-order manifold, the Jacobian matrix
of the transformation J½ �ia ¼ @xi=@na is not square.

The closest point x� :¼ x n�ð Þ � u to y is obtained after solving the following optimization problem
n� ¼ argmin
n

f y; x nð Þð Þ ¼ 1
2

y � x nð Þk k2
; such that ci nð ÞP 0; 8i 2 I; ð16Þ
where I represents the index set of the inequality constraints associated with the face. For example, for the quadrilateral
face shown in Fig. 5, the vector of constraints is cT nð Þ ¼ n1 þ 1;�n1 þ 1; n2 þ 1;�n2 þ 1f g. It is worth noting that the solution
to Eq. (16) may not be unique. Denoting the set of optimal coordinates X ¼ [ix�i , which results from solving Eq. 16 for every
face considered ui 2 r, the global optimum xH can be found through
xH ¼ argmin
x�

i
2X

y � x�i
�� ��� �

: ð17Þ
The inequality-constrained optimization problem stated by Eq. (16) can be solved by defining the Lagrangian functional
[63]
L n; kð Þ ¼ f y; x nð Þð Þ þ kTc nð Þ; ð18Þ
where k is a vector of Lagrange multipliers. The pair n�; k�ð Þ is said to be a local solution to the optimization problem if it
satisfies the Karush–Kuhn–Tucker (KKT) conditions
rL n�; k�ð Þ ¼ 0;
ci n�ð ÞP 0; 8i 2 I;

k�i P 0; 8i 2 I;

k�i ci n�ð Þ ¼ 0; 8i 2 I:
For the current discussion, the minimization problem is solved by sequential quadratic programming (SQP) [63]. The starting
guess of the parent domain coordinate n0 is obtained as the closest point within the element to point y, chosen between the
center of the face and each of its vertices. A comprehensive study of the proposed formulation was published elsewhere [64].
That work presents a thorough comparison with other approaches used in computational geometry. Furthermore, SQP is also
compared to other methodologies used in the field of mathematical optimization, including interior-point and active-set
methods.
Fig. 5. Schematic of the problem of finding the distance from a point y to a face u of the contact surface r.
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3.4. Detection cost

The total contact detection cost function of the proposed methodology, which extends that proposed by Klosowski [10] by
adding the cost of the highest level of detection, is given by
Table 1
Numeri
Results

Boun
BS
AAB
14-D

Meth
SQP
T ¼ NtCt|ffl{zffl}
high

þNuCu þ NvCv|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
middle

þNpCp|ffl{zffl}
low

; ð19Þ
where Nt ;Nu;Nv and Np refer to the number of trajectory-based tests, the number of hierarchy updates, the number of pairs
of bounding volumes overlap tests, and the number of primitive overlap tests, respectively. Ct; Cu;Cv , and Cp refer to their
corresponding costs.

In the beginning of the simulation, given that no bodies initially overlap, time is spent only at the highest level of detec-
tion, i.e., the first term in Eq. (19). Approximate collision times are computed by solving Eq. (12) for every pair of objects.
Note that the solution of this equation relies on velocities and accelerations of the hierarchies’ roots, which are computed
from updated positions obtained from the finite element approximation. Velocities and accelerations are assumed constant
after their initial determination, a valid assumption for it is likely that these kinematic quantities change only after collision.
As a result, the detection engine ceases operation completely saving on computational costs until time t ¼min tH

� �
. The first

term in Eq. (19) continues to contribute to the total cost after a contact event, as if the entire simulation is restarted after this
point. It is worth nothing that it is not necessary to update entire bounding volume hierarchies in order to obtain approx-
imate collision times. By exploiting the concept of temporal and geometric coherence [65], the time complexity of updating
the hierarchies’ roots could be obtained in constant time. The coherence property states that the position of the objects do
not change significantly between time steps, an assumption valid for small time steps that allows us to search locally for
bounding volume updates. Nevertheless, updating the positions of the roots has worst time complexity O nð Þ.

The second and third terms in Eq. (19), which correspond to the middle level of detection, start contributing to the overall
detection cost when hierarchies’ roots overlap, i.e., when t P min tH

� �
. The first of these terms deals with the update of

bounding volume hierarchies. At each time increment of the physics simulation, the locations of the primitives change,
and therefore the entire bounding volume hierarchies need to be updated. After updating all the leaves of a hierarchy T cor-
responding to the finite element primitives, the complexity of updating the entire hierarchy is linear in the number of tree
vertices V Tð Þ. A post-order traversal update of the tree vertices is chosen for this work. The cost of testing a pair of bounding
volume hierarchies for overlap, Cv , increases as the tightness of the bounding volume that is used to represent the objects.
Inversely, tightly-fitted volumes decrease the value of Nv . When a pair of bounding volume hierarchies overlaps, they are
traversed and tested at deeper levels due to the better representation of the volumes in the collision zone. When leaves
are found in both hierarchies, their bounding volumes are refined by increasing their degree of tightness. In this way, by using
volume adaptivity the number of overlap tests Nv is decreased, and the costly contact detection test between finite element
primitives is deferred to the latest possible time.

The low-level detection contributes to the overall cost when bounding volume hierarchies are traversed down to leaves
and contact cannot be ruled out by using bounding volumes even after these are refined. However, the cost spent at the low-
est level of the detection engine is kept to a minimum by the use of the other two levels.

Table 1 reports the results of numerical simulations, showing the exclusion test average times and their corresponding
standard deviations for three types of bounding volumes. Each average time reported, which exclude any time spent in cre-
ating the bounding volume, is obtained over 1,000 numerical tests running sequentially on a 2.6 GHz Intel Core i7 processor.
Bounding volumes were generated randomly with a seed chosen as to have roughly 50% of positive collision tests. The table
also lists the average time and standard deviation of computing the distance from a 3D point to a triangular element using
the optimization-based methodology outlined above. As apparent from the table, exclusion tests for bounding volumes re-
quire roughly the same time, and they are considerably faster than carrying out an optimization-based distance computa-
tion. The distance results were obtained by an equivalent C++ algorithm of the Fortran SQP implementation described by
Kraft [66]. The algorithm uses BFGS updates for the approximation of the Hessian inverse matrix used in the search, requiring
an average of 12 iterations (within the range 5;29½ �) for the results reported in the table. The variability in the number of
cal experiments of collision exclusion tests for different types of bounding volumes (up), and for the optimization-based distance computation (down).
report the average time in nanoseconds of 1000 simulations, and their corresponding standard deviations.

Average time [ns] Standard deviation

ding volume
39 0.7

B 37 6
OP 42 7

od
20457 7276
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iterations has a direct impact on the computational time, as manifested by the standard deviation for the distance compu-
tation. These results support our motivation of defering the distance computation to the very last time.

4. Implementation

This section provides guidelines for the implementation of the contact detection framework in finite element codes. The
methodology has been implemented in Akantu,1 an open-source object-oriented C++ FE library developed at the École Poly-
technique Fédérale de Lausanne (EPFL), Switzerland. The entire detection engine is contained in a ContactManager object, that
is responsible for storing the state of the bounding volume hierarchies. Algorithm 1 provides pseudo-code for the main func-
tions that determine contact at a given time t. Note that the algorithm provides procedural code and it conceals obvious details
that would otherwise obscure the main points of the implementation. Therefore, it is expected that an efficient implementation
of the algorithm be quite different.

The algorithm requires as input the bounding volume hierarchies at the current simulation time t, and a priority queue
that is used to store the times when the detection engine has to operate, together with their corresponding working hierar-
chies. In other words, the queue data structure contains time-hierarchy-hierarchy triplets where the highest-priority object
is the triplet with the minimum time. These are then parameters to the function DETECTCONTACT. Lines 2–3 in Algorithm 1 sum-
marize the initialization stage. The first steps in the simulation are required to determine the kinematic quantities of the
objects involved, i.e., if they are stationary, if they have constant velocity, or if they accelerate. After this step, the priority
queue is filled with approximate collision times and their corresponding volume hierarchies. From this point forward the
detection engine only works if t is greater than the top item in the queue with time min tH

� �
. The hierarchies are then

updated and the queue is examined for collisions.
1

Algorithm 1. ContactManager functions
http://lsms.epfl.ch/akantu.
function DETECTCONTACTðt; Tif g;qÞ
 . time, hierarchies, priority queue

2: if q ¼ ; then
 . initialization stage
return SETUP q; Tif gð Þ

4: while q – ; do� �
tH;v i;v j  Top qð Þ
 . get priority queue top item
6: if t < tH then return
 . contact detection disabled

else� � � �
8: Ti;Tj  Update v i;v j� �
 . update hierarchies
COLLISION q;v i;v j
 . check for collisions
10: function COLLISION ðq; v i; v jÞ� �

if Leaf v ið Þ ^ Leaf v j thenT
 . hierarchy leaves found
12: if v i v j – ; then� �
 . bounding volumes intersect
DetailedCheck v i;v j
14: else � �� �� �

if not Leaf v ið Þ ^ Leaf v j _ v i P v j then� �
16: Traverse q; Left v ið Þ;Right v ið Þ;v j then� � � �� �
 . traverse hierarchy rooted at v i
if not Leaf v j ^ Leaf v ið Þ _ v i 6 v j then� � � �� �

18: Traverse q; Left v j ;Right v j ;v i
 . traverse hierarchy rooted at v j
function TRAVERSEðq;v i;v j;vkÞ

20: q Push CollisionTime v i;vkð Þ;v i;vkð Þ� �� �
 . solve Eq. (12)
q Push CollisionTime v j;vk ;v j;vk
 . and add triplets to queue
For the top item in the priority queue, the function COLLISION is called. This function is responsible for modifying the queue
with new triples that are obtained after traversing the hierarchies that are in potential contact. Whenever two leaves are
found whose intersection volume is non-empty, a more refined detection check is performed by using better fitting volumes.
When no predicates on bounding volumes exclude the possibility of contact, the actual finite element primitives are used to
determine contact. Both the detection using refined bounding volumes and the thorough optimization-based check are
implicitly contained within the DETAILEDCHECK routine. If any of the two volumes is not a leaf, one or both hierarchies are tra-
versed down to add new triplets to the queue by solving Eq. (12). The choice of which hierarchy to traverse depends on
whether a bounding volume is a leaf of its hierarchy and on the actual volume values.



584 A.M. Aragón, J.-F. Molinari / Comput. Methods Appl. Mech. Engrg. 268 (2014) 574–588
Implementation remarks


 Bounding volume hierarchies are assumed not to overlap at time t ¼ 0. An additional test could be added to abort the
execution of the program if overlapping hierarchies are given as input.

 Once the initial kinematic quantities are determined in the initialization stage of the simulation, these are assumed to be

constant henceforth.

 Even though the tree hierarchies could store polymorphic bounding volume objects, we have opted to store only bound-

ing spheres and create on the fly higher-order volume representations as needed. Storing polymorphic objects and access-
ing the type of an object by using pointers increased considerably the execution time due to memory hierarchy effects.

 The priority queue actually stores pointers (or more precisely iterators) to the tree vertices that need to be checked for

contact. The first triplet added will then contain pointers to the roots of the hierarchies involved. When roots overlap
and the hierarchies are traversed down, then the priority queue also stores iterators to inner volumes.

 The time increment used in the simulation can be changed when collision is imminent, and therefore the exact collision

time can be resolved using the proposed methodology. Section 5.1 presents an example showing this capability.

5. Examples

This section illustrates the use of the proposed detection engine with a set of examples.

5.1. Impact time prediction example

This example aims at determining the exact time of collision by using the three-level detection engine described in Sec-
tion 3. Consider two spherical projectiles of radius r ¼ 1 m, separated 1500 m from one another at time t ¼ 0. An initial

velocity _u0 ¼ 50 m=s 
e1 þ
ffiffiffi
3
p

e3

� �
is imposed to the spheres, after which they move towards one another with gravitational

acceleration €u ¼ �ge3. Explicit time integration is used with increment Dt ¼ 0:05 s. In this example, the time increment is
reduced when the objects are close enough as to detect the exact time of collision. From particle kinematics, it can be deter-
mined that the sphere centers overlap at time t ¼ 15 s, so this time can be regarded as an upper bound on the actual collision
time.

Fig. 6 displays snapshots of the two spheres at different times prior to the collision, and their corresponding hierarchies’
bounding volumes with the highest priority. After the initial steps, the highest-level detection system predicts a first
(a)

(b)

(c)

Fig. 6. Exact collision time prediction. Snapshots of the spherical projectiles at times (a) t ¼ 14:9503 s, (b) t ¼ 14:9763 s, and (c) t ¼ 14:98 s. The figures also
show the hierarchies’ bounding volumes with the highest priority at the corresponding time.
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collision between the hierarchies’ roots at time tH

1 ¼ 14:9503 s. It is worth mentioning that even thought the objects involved
in the collision are spherical, the resulting hierarchies have roots whose volumes are higher than those of the objects they
bound. The detection system thus is idle up to time tH

1 , where the predicted collision of the hierarchies’ roots is shown in
Fig. 6a. Fig. 6b shows one of the subsequent steps, where the bounding spheres with the highest priority correspond to
the volumes of the elements that will come in contact. The detection system determines that the spheres collide at time
t ¼ 14:98 s, a step shown in Fig. 6c.

5.2. Motorcycle collision example

Consider the motorcycle mesh presented in Fig. 3a, moving with a constant velocity of 120 km/h. A wall is located approx-
imately 100 m in front of the motorcycle and thus collision happens at t ¼ 3 s. The motorcycle mesh is composed of 9,981
nodes and 17,955 finite elements, whereas the wall mesh contains 71 nodes and 144 elements. A time increment Dt ¼ 0:05 s
is used for the explicit time integration.

Fig. 7 shows several steps during the simulation. In each figure shown, a red sphere shows the contact location of the
motorcycle bounding sphere that is determined by solving Eq. (12). At time t ¼ 0:1 s, the detection engine has enough infor-
mation to determine that the motorcycle travels at constant speed and that the wall is stationary. At this point, the first level
of detection uses the hierarchies’ top-level bounding spheres to determine the contact time tH

1 ¼ 2:8 s. The entire detection
engine ceases operation until this time, illustrated in Fig. 7a. At this point, the bounding volume hierarchy of higher volume
is traversed down and a new time tH

2 ¼ 2:88 s is determined. Subsequent traversal on the wall hierarchy encounters times
tH

3 ¼ 2:9 s, tH

4 ¼ 2:95 s, and tH

5 ¼ 3 s.
Due to the comminuted mesh of the motorcycle, its corresponding bounding sphere hierarchy construction accounted for

roughly 99% of the simulation’s computational time up to the point of contact detection at t ¼ 3 s. The remaining 1% is there-
fore spent during the contact detection phase. It is worth noting that the construction of the hierarchies is made once in the
beginning of the simulation, and they are only updated later on during the contact detection phase. The detection engine
operated only at times t ¼ 0:05;0:1;2:8;2:9;2:95;3 s. Considering only this stage, their corresponding share of computa-
tional times are 17.3%, 16.2%, 16.6%, 16.4%, 16.2%, and 17.3%, respectively. Note that the computational time is roughly uni-
form and thus it does not depend on how deep in the bounding volume hierarchies the detection engine works on. As a
matter of fact, the computational time spent in this step is attributed almost entirely to updating the hierarchies. When
the bounding sphere hierarchies are traversed down such that two leaves are encountered, the final detection mechanism
enters in place for the most accurate determination of contact.
(a) (b)

(c) (d)

Fig. 7. Motorcycle-wall collision simulation snapshots at times (a) t ¼ 2:8 s, (b) t ¼ 2:9 s, (c) t ¼ 2:95 s, and (d) t ¼ 3 s. In each figure, a red sphere denotes
the next collision time of the bounding volume hierarchies, as determined by solving Eq. (12).
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6. Conclusions

In this manuscript, a three-level contact detection framework based on hierarchies of bounding volumes has been pre-
sented. At the highest level, the engine determines the collision times based on the trajectories of the bounding volumes
of the solids participating in the simulation. The detection engine ceases operation until reaching the predicted contact
times, thus saving on computational time. Once the top-level bounding volumes intersect, their hierarchies are traversed
down to determine new collision times. When two hierarchies have been traversed down to the leaves, the finite element
primitives involved in the contact are determined and a more refined level of detection enters in place to find out if the
meshes have interpenetrated. An algorithm has been presented to ease the implementation of the framework in existing
computational contact mechanics finite element codes. Comments on implementation details were also given by the
authors, and the framework was tested with a couple of examples. It was demonstrated how the framework can be used
to predict the exact time of collision.
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