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A multi-objective genetic algorithm is used to design 2D and 3D microvascular networks embedded in
bio-mimetic self-healing/self-cooling polymeric materials. Various objective functions and constraints
are considered, ranging from flow efficiency and homogeneity to network redundancy and void volume
fraction. The design variables include the network topology defined over a template and the microchan-
nel diameters chosen among a finite set of values. The effect of network redundancy, template geometry
and microchannel diameters on the Pareto-optimal fronts generated by the genetic algorithm is
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1. Introduction

Inspired by vascular networks in living organisms, materials
consisting of a network of microchannels embedded in a polymeric
matrix offer great potential in various autonomic healing, cooling
and sensing applications. One example of a bio-mimetic material
uses hollow fibers embedded in a polymeric matrix and filled with
an uncured healing agent, which is released when the fibers expe-
rience damage [13,23]. In a recent publication [35], Toohey and co-
workers have demonstrated repeated healing of a polymer coating
with the aid of a subsurface microvascular network containing a
healing agent in monomeric form. As cracks form in the coating,
the healing agent is wicked to the crack surfaces through capillar-
ity and encounters solid catalyst particles contained in the coating.
The healing process is thus initiated and can be repeated as long as
the three-dimensional microvascular network contained in the
polymeric substrate provides enough healing agent to the coating.
The circulation of a liquid in the microvascular network is also
being considered for thermal management of a structural compo-
nent subjected to external thermal loading. An example of such
an application can be found in [30] for the case of a microvascular
network embedded in an epoxy matrix.

Interest in this class of bio-mimetic materials has also been dri-
ven by recent advances in manufacturing techniques such as the
robotic deposition process, which allows for the creation of com-
plex two- and three-dimensional microvascular network struc-
tures [34,38]. In this process, the microvascular network is
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drawn by extruding a fugitive ink on a polymer substrate through
needle tips so that the resulting microchannels have diameters
that can be as small as 10 pum. After the drawing process has taken
place, the resulting structure is embedded in a liquid polymer that
is subsequently cured. The ink contained within the polymer is
then evacuated by heating the material, leaving the embedded
microvascular network. The use of needle tips with different sizes
and a fully automated nozzle with three-dimensional motion re-
sults in a powerful manufacturing methodology for the creation
of complex patterns.

Various methods have been proposed in the literature for the
design of flow networks, which presents a set of unique challenges
in terms of the complexity of the objective functions, design vari-
ables and constraints. In the constructal theory [3], optimal flow
structures are obtained by applying the constructal law, which
states that the optimal flow structures should provide easier access
to the flow than those that are non-optimal. This method has been
used to optimize very simple geometries [4,19,39]. Another ap-
proach relies on topology optimization, which has been used pri-
marily in structural design, but has been recently extended to
the design of flow networks considered either as a continuum or
as a discrete system [5]. A comprehensive study of flow networks
using a discrete topology is given in [20], where the diameter vari-
ables are chosen from the positive real number set. Flow networks
can also be designed by evolutionary algorithms, a family of biol-
ogy-inspired methods that are increasingly gaining popularity be-
cause of their simplicity and applicability to the optimization of a
large set of problems in numerous fields. Starting from a popula-
tion of candidate solutions, evolutionary algorithms search for bet-
ter candidates by applying a set of genetic operators and using a
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function to differentiate those solutions that are more fit to solve
the problem. The last twenty years have seen substantial progress
in the understanding of the mechanics behind the optimization
based on Genetic Algorithms (GAs) [15], the most popular of these
evolutionary methods. GAs have been applied successfully to the
optimization of flow networks over a wide range of objective func-
tions [22,27,31,36].

The present study considers a discrete topology for the micro-
channels of the network and selects their diameters from a discrete
set of values, in accordance to available tip sizes in the direct print-
ing process mentioned earlier. For the optimization problems
investigated in this work, a multi-objective genetic algorithm
scheme is adopted for several reasons. First, the adopted GA can
readily handle any number of objective functions in a unified for-
mulation and accommodate the discrete nature of the design vari-
ables considered in the present study. Second, gradient-based
search techniques may converge to a local optimum, while GAs
search a much broader portion of the decision space and are thus
more likely to yield a global optimum. Third, GAs can readily be
hybridized with other search techniques [8], thus combining the
robustness of the global evolutionary search with the accuracy of
problem-specific local search methods. Finally, specific features
of good solutions found in the GA optimization can be used to ini-
tialize another GA optimization (knowledge-based GAs).

The design of a microvascular network is application specific, so
networks designed for flow efficiency may look very different from
those designed for structural performance. Furthermore, when
considering multiple objectives, there is a need to capture the
tradeoff between those objectives in the form of an optimal front
from which the network design can be readily selected. This opti-
mal front must be extracted through analytical or computational
means, by decomposing the problem into a set of conflicting objec-
tives and constraints. This particular study focuses on the optimi-
zation of two- and three-dimensional simple geometries used in
the manufacturing of bio-mimetic polymers. Whether the resulting
polymer is used in self-healing or self-cooling applications, a fluid
will be driven through the microchannels and flow efficiency is
thus a key design objective. However, an optimal solution for the
flow efficiency typically maximizes the void volume left by the net-
work, so both objectives conflict with one another. Beyond these
two primary objective functions, this paper also introduces objec-
tives and constraints associated with flow homogeneity and net-
work redundancy.

Section 2 introduces the problem to be solved and the formula-
tion used to obtain the objective functions. Section 3 gives a brief
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introduction to multi-objective genetic algorithms. The results
are presented in Section 4.

2. Problem description

The adopted mathematical model of a bio-mimetic material
containing a microvascular network consists of two parts, as illus-
trated in Fig. 1 for a two-dimensional (2D) network. First, the bulk
of the material is represented by a domain 2 (left Fig. 1) with area
A (or volume V). Second, a graph data structure (right Fig. 1) is used
to represent the microvascular network, where the & edges of the
graph serve as network microchannels and the ¥~ vertices as pos-
sible locations for microchannel endpoints. The use of a graph data
structure to represent the microvascular network allows us to take
advantage of tools associated with graph theory [37]. A graph is
disconnected if all vertices are not reachable from each other
through the existing edges. Another important concept borrowed
from graph theory is the degree of a vertex, d, defined as its number
of incident edges. This parameter is used to constrain the optimiza-
tion in order to ensure complete network coverage of the domain
and also to investigate the reliability of the network when sub-
jected to damage, as explained in Section 2.3.

The current study focuses on convex domain geometries,
namely a rectangle in 2D and a cuboid in 3D. We denote by a
and b the sides of a rectangular 2D domain and by a, b and c the
lengths of the edges of a 3D cuboid. Since there is an infinite num-
ber of possible network configurations that fit within the domain
boundary, we restrict the number of possible vertex locations to
a set of points located over an N-dimensional lattice,

N
A—{Zz,-e,-|z,-ez}, ACQ,
i=1

where the basis vectors for the Euclidian space E¥ have equal mag-
nitude in all directions ||e;|| = 6. In other words, the possible vertex
locations are limited to the intersection vertices of a regular Carte-
sian grid having grid spacing J, such that two neighboring vertices
on any Cartesian axis direction are separated by a constant distance.
The vertices of the graph data structure corresponding to the point
lattice are shown as open circles in the right figure. Similarly, the
number of possible edges is limited to those connecting neighbor-
ing vertices. With these simplifications, the number of possible net-
work configurations is drastically reduced. Several properties are
assigned to the graph data structure that represents the microvas-
cular network. A coordinate property in EV is associated with each

[ -

I d=3
d=1"

} d=14

| /

I
d="0

O--0--0---

S, g

Fig. 1. Bio-mimetic material mathematical model. The left figure shows the domain €2 and the 2D point lattice spanned over Cartesian coordinates. The graph data structure
that represents the microvascular network is shown on the right. Vertices of the graph laying on top of the 2D point lattice, marked as circles, represent possible microchannel
endpoints whereas edges of the graph represent the actual microchannels. Examples of flow boundary conditions (inflow S and outflow T locations), together with examples

of vertex degrees d are also included.
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vertex corresponding to a point in the lattice. Each edge represents
a cylindrical microchannel and has a length L and diameter D. Net-
works containing microchannels oriented only in the directions of
the coordinate axes will be henceforth referred to as orthogonal.
Similarly, we will refer to as diagonal those networks having diago-
nal microchannels in addition to the orthogonal ones (right Fig. 1).

The optimization process starts from an initial structure that we
call the template network, which is the equivalent to the ground
structure used in topology optimization [20]. This template net-
work has the maximum number of edges for the type of networks
being designed, and is illustrated in Fig. 2 for orthogonal and diag-
onal networks over a 6 x 6 point lattice. The optimization then
consists in finding the diameter for each edge of the template
structure from a finite set of discrete values ¢ = {Dy,D1,...,Dn}
such that the resulting networks minimize two or more objective
functions subjected to a set of constraints. In contrast to the preli-
minary study on orthogonal networks presented in [1], the present
study also allows for diagonal microchannels. However, micro-
channels are permitted to intersect only at locations determined
by the spatial point lattice in the optimization process, so that a
network containing microchannels intersecting outside the point
lattice (large hollow circle in Fig. 1) is marked as unfeasible.

The solution of the flow objective functions requires boundary
conditions. Fig. 1 shows the inflow and outflow vertices located
at the lower-right and upper-left corners of the domain, respec-
tively. These are the boundary conditions considered in the 2D
problems investigated in this work, although other configurations
including multiple inflows and outflows can also be considered.
The formulation used to obtain the objective functions and con-
straints is described next.

2.1. Void volume fraction and intersection constraint

The presence of a microvascular network in a material can have
a detrimental impact on its response to external loads as it tends to
decrease its stiffness and strength. Thus, one of the requirements
for these materials is to minimize the void volume associated with
the microvascular network. For a 2D domain, the void volume frac-
tion is defined as
S LD
V="Aoo =
corresponding to the normalized projected area of the network over
its plane. Note that this definition does not correct for the overlap-
ping areas between adjacent microchannels, which is assumed to be
negligible for microchannels with high aspect ratios. Similarly, for
3D domains and cylindrical microchannels, the void volume frac-
tion is defined as
_ T[Zié:] LiDi2 (2)
4v
When dealing with the optimization of diagonal network tem-
plates, there exists the possibility of producing networks where
microchannels intersect at locations other than those determined
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Fig. 2. 2D template structures for orthogonal (left) and diagonal (right) networks.

1

by the point lattice. As mentioned earlier, these networks are con-
sidered to be unfeasible. Furthermore, the flow pressure values de-
scribed in the next section are computed only at lattice point
locations so the pressure drop resulting from those unfeasible net-
works is incorrect. Even though this problem could be avoided by
creating a vertex at the microchannel intersection, it may be desir-
able from the manufacturing point of view to have the microchan-
nels intersect at points determined by the point lattice. We thus
introduce the microchannel intersection constraint, g, as

g=> > 3)
i=1 j=1, j#i

where 11{]. =1 if microchannels i and j intersect at a location not
determined by the lattice and 1| = 0 otherwise.

2.2. Flow efficiency and constraints

The flow efficiency is obtained by computing the maximum
pressure drop between any two vertices in the spatial domain,
assuming that the pressure drop in any microchannel i is given
by the classical Hagen-Poiseuille law

o 128VL,‘ .

Ap; = 7D i, (4)

where v and ri1; denote the kinematic viscosity and mass flow rate of
the fluid, respectively. Assembling the contribution of all micro-
channels in the network results in a linear system of equations
Kp = ¢ where K is the network characteristic matrix, p is the net-
work pressure vector and ¢ is the network consumption vector
[6]. Boundary conditions for this problem involve prescribed pres-
sure values at outflow locations and prescribed flow at the inflow.
The flow efficiency of the network is thus quantified by

,
Ap = max|p; - p;|. ©)

Note that the pressure drop in a microchannel (Eq. (4)) is inversely
proportional to the fourth power of its diameter, in contrast to the
linear or quadratic relationship found earlier for the void volume
fraction (Eqgs. (1) and (2)).

A good microvascular network design not only minimizes the
energy needed to drive the flow through the network but also en-
sures that each of the microchannels has an active flow. This is par-
ticularly important for self-cooling or self-sensing applications.
Thus, inner loops with no pressure differential have to be elimi-
nated from the optimization, but the GA cannot infer this informa-
tion from the pressure drop computation given earlier. As a result,
we label as unfeasible those networks where there is zero flow in
at least one of their microchannels. To that purpose, we define
the non-zero flow constraint, gg, as

4 1 ifm=0
L N i=9
& = Z o T { 0 otherwise. ©)

When dealing with multiple targets, there is a need to distribute
the outflow evenly among the various targets. Consider that the
resulting design of a square microvascular network is just a cell
of a larger structure. Certainly, outflows that share a boundary of
the network will become inflows for a contiguous cell, so having
heterogeneous flows will introduce another complexity in the de-
sign of contiguous cells. On the other hand, if the healing process is
started at outflow locations (as in the healing of a coating [35]),
flow homogenization is also needed to obtain homogeneous heal-
ing. The fluid healing agent undergoes a chemical reaction with the
catalyst that is present in the coating, but this reaction could be
avoided completely if the flow were too high (washed out) or it
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Fig. 3. Correlation between the minimum degree d and average network redundancy 7 (Eq. (9)) for orthogonal (left) and diagonal (right) networks of various lattice sizes. For
each data set, the average value of 7 for the survey is marked along with error bars indicating minimum and maximum values. An asterisk indicates that the data was obtained

through sampling.

could even block the outflow if the flow were too low. To ensure
that the healing process at the T outflow locations be as homoge-
neous as possible, we define the flow homogeneity parameter, ¢, as

1 T . .
=— max|m; — m; 7
= o max it — i, (7)
where the maximum outflow difference is normalized by the total
network inflow.

2.3. Coverage and redundancy

In the case of self-healing polymers, an ideal microvascular net-
work will cover the entire domain so that internal cracks nucleat-
ing anywhere in the domain can be arrested before reaching a
critical length leading to a catastrophic failure. The coverage is
hereafter imposed as a constraint by simply requiring a minimum
degree d on each vertex of the graph that represents the microvas-
cular network. The degree constraint, gp, is then computed as

1 ifdi<d,
=Y n= {
i=1

0 otherwise.

Probably the most desirable feature in the design of a microvas-
cular network for self-healing applications is the reliability of its
structure when subjected to damage. In other words, when one
or more microchannels are cut within the domain, the healing
agent must be able to reach most if not all areas in a good network
design. The severity of such a cut depends on the location of the
damaged microchannels, ranging from preventing flow to a single
vertex in a corner to completely preventing any vertex from receiv-
ing flow (in case the microchannel connecting the inflow is cut).
This problem has been studied thoroughly in the literature and is
designated as the survivable network design problem [24,33]. The
reliability of a network is obtained numerically through the redun-
dancy matrix r, where each entry r; represents the number of node
disjoint paths' between the ith and jth vertices. In other words, r; de-
notes the number of microchannels that have to be damaged in
order to make vertex j unreachable from vertex i. It is well known
that the redundancy matrix can be obtained by solving the maxi-
mum flow problem after assigning a unit capacity to all edges [24].
However, obtaining the redundancy matrix is computationally
expensive since each entry r; has a complexity (7 ¢?) with the
algorithm devised by Edmonds and Karp [11]. Since the computation

(8)

1 Two paths are called disjoint if they share no nodes other than the endpoints [33].

of the minimum degree d is only of complexity ¢(7"), we have opted
to investigate the relation between this parameter and the resulting
network redundancy.? We use the observation that there must be at
least d incident microchannels between vertices i and j if there are to
be d disjoint paths between them. Nevertheless, this is just a neces-
sary condition since r; might be lower than d even if both vertices
have d incident microchannels.

To support this statement, let us consider the two groups of 2D
networks considered in this study over a square domain, i.e., the
orthogonal and diagonal microvascular networks. Furthermore,
let us use the diameter set = {0, 1} to indicate the presence or
absence of a microchannel in the network. Both the dimensions
of the domain and the magnitude of the diameters used are irrele-
vant to this study, which aims at correlating the redundancy of the
network to its minimum degree. In any cartesian direction, there
are n=alé+ 1 vertex locations. For a particular value of n, there
are a total of |2|° possible microvascular networks, with |2| = 2,
&=n(n-1) for orthogonal networks and & =22n—-1)(n—1)
for diagonal networks. The lattices considered range from 2 x 2
up to 6 x 6. It is clear that the exponential dependence on the
number of edges, which in turn depends on n, makes the study
of larger lattices prohibitively expensive. Note on the other hand
that many of the networks within that total are not considered be-
cause they are either disconnected networks or, in the case of diag-
onal networks, there are microchannels that intersect in points
not defined by the 2D lattice. Since the redundancy matrix is sym-
metric (i.e., r;j =13), let us define the network average redundancy
as

I 2 2 ©

Fig. 3 shows the average redundancy values for the feasible orthog-
onal (left) and diagonal (right) networks, where each data set in-
cludes only structures for a particular lattice size. For each set, the
average of 7 over all networks in the survey is marked by a symbol,
along with error bars that indicate maximum and minimum values.
Results are slightly offset along the d axis to ease the visualization.
For orthogonal networks (left Fig. 3), a 5 x 5 lattice requires more
than a trillion evaluations. As a result, a sample of the total number
of networks was taken for the evaluations (indicated in the figures
by an asterisk after the lattice size). The sampling size, ranging from

2 The definition of d is in contrast to the formal definition of the degree of a graph,
which is the maximum degree of its vertices.
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10° to 107 networks, was increased until no significant variation
was obtained in the results. For diagonal networks (right Fig. 3), a
sampling was required even for a 4 x 4 lattice since a complete sur-
vey of all networks involves more than 4 trillion evaluations. The
figures show a quasi linear dependence between the minimum de-
gree of a network and its average reliability. In other words, a
microvascular network with minimum degree d has a high proba-
bility of having ¥ = d. This allows us to use the degree as a funda-
mental parameter in the design of microvascular networks.

3. Genetic algorithms

Since their introduction more than four decades ago [16,17],
GAs have proven to be an efficient heuristics tool for the optimiza-
tion of complex design problems. The notation adopted in this sec-
tion follows the convention used in [2,29]. GAs usually start the
optimization from a population 2 containing a fixed number |2
of individuals .7, each with a distinctive chromosome %. In order
to use the algorithm, a suitable representation must be chosen to
encode in the chromosome of an individual the different character-
istics of the problem for which an optimum is sought. The chromo-
some is a numeric string where each location (allele ..# in GA
terminology) encodes a parameter (or part of it) of the problem.
The alleles can be chosen from a binary alphabet (7; € {0,1}), a
k-ary alphabet (</; € {0,1, ..., k—1}), or from the real numbers
(i € R).

In a simple GA [14], the population of individuals 2, is initial-
ized randomly, after which the algorithm enters a loop over tyax
iterations or generations. In this loop, the entire population is first
evaluated according to a prescribed objective function that de-
scribes numerically how fit the individuals are to solve the prob-
lem at hand. After this step another loop is initiated to determine
the parent population for the next generation by applying the ge-
netic operators selection, crossover and mutation. The selection
mechanism is where the “survival of the fittest” takes place since
those individuals that are more fit are more likely to be selected
for reproduction. The mixing of the genetic information takes place
in the crossover operator, where two selected individuals inter-
change the alleles of their chromosomes according to a certain cri-
terion. The mutation is a slight modification in the characteristics
of an individual and it is usually performed by changing the value
of one of the alleles in the chromosome.

Even though the simple GA can be used to solve multi-objective
optimization problems (MOOPs) [28], better results can be
achieved by using multi-objective evolutionary algorithms
(MOEAs) [18,32,12,21]. With the simple GA, a MOOP is converted
to a single weighted objective function, with different weights se-
lected to assign different priorities to the corresponding objectives.
The drawbacks of using a simple GA to solve MOOPs are evident
not only because the solution obtained cannot capture the tradeoff
between the different objectives but also because the determina-
tion of the weighting factors tends to influence the solution sub-
stantially. MOEAs, on the other hand, can capture the tradeoffs
between conflicting objectives by carrying out a Pareto-optimiza-
tion, in which individuals are compared in all objectives to deter-
mine the best candidates for the next generation. Some
definitions are needed to understand how the MOEA-based optimi-
zation process works. At a given generation t < .y, let us divide
the population in two mutually exclusive sets containing feasible
and unfeasible individuals, i.e.,

?=7"u2", FnP =0,

where 7' = {7i|g; = 0} and 2" = {.7,|g; # 0}. Let the domination
operator, <, over the space & be defined such that the ith individ-
ual .#; in the population 2 dominates another individual .7; if .#; is
better than .#; in at least one dimension over the space .# and is no

t=0 <
. t=t +
- t=1tmax O
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Fig. 4. Schematic of multi-objective optimization, showing a randomly created

population of individuals at t=0 evolving towards a Pareto-optimal front at
iteration t = tyax.

worse in the rest.®> Therefore, we denote Ji<4#; an individual .#;
that dominates another individual .#; in the constraint function
space 4. The same reasoning follows for the objective function space
. With this definition, let the global domination operator, <, be
defined such that .7; dominates .#; (i.e., .#;<.#;) if any of the follow-
ing conditions holds:

o i g P
. fhfj € (’7“,.},‘<<(qu.
o I, I € P Ik

In other words, the ith individual dominates the jth individual if .#;
is feasible and .#; is not, or both individuals are unfeasible but .7;
dominates .#; in constraint function space ¢, or both individuals
are feasible and .#; dominates .#; in objective function space .
With this definition, the evolution is different from a single-objec-
tive optimization since the selection process keeps nondominated
solutions. This is schematically shown in Fig. 4, where a randomly
created population is optimized? for two objective functions ¢, and
¢,. Through the evolution process, all individuals approach the so-
called Pareto-optimal front, where all individuals lying on it are opti-
mal solutions to the MOOP.

For this work, the Non-dominated Sorting Genetic Algorithm II
(NSGA-II) introduced by Deb et al. [10] is used. The original algo-
rithm was modified in order to handle constraints by using the
operator < defined earlier, and is described in Algorithm 1.

Algorithm 1. NSGA-II [10]

procedure Evolve (|2|, tmax)
2o = random(|2|))
Q, = apply-genetic-operators(Z?y)
while ¢ < t;,.x do
t—t+1
Ri=2,UQ;
F = fast-nondominated-sort(R;)
repeat
crowding-distance-assignment(F;)
P =P UF;
until |2.4| < |2|
sort(21, K)
P :f?H][O: ‘QH
Q.. = apply-genetic-operators(%?:.1)
end while
end procedure

3 The concept of dominance is borrowed from the field of economics and it is due to
Vilfredo Pareto [25].

4 Minimization is carried out in the schematic figure, thus the Pareto-optimal front
is closer to the origin at the lower-left corner.
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The main difference between the simple GA and the NSGA-II
presented in Algorithm 1 is in the way individuals are selected in
order to retain those nondominated solutions. An offspring popula-
tion is obtained by applying the same genetic operators used for
the simple GA, forming a combined parent-offspring population
of size 2|#|. All individuals in the combined population are
grouped first according to their non-domination rank in fronts F;,
i=1,2,...,n, such that individuals in F; dominate those of subse-
quent fronts (i.e., fronts F;, j > i). In order to select the individuals
that will constitute the parent population in the next generation,
the algorithm first selects all fronts that completely fit in the pop-
ulation size (i.e., all fronts F; are selected such that |U;F;| < |2|). The
|2| — |u;F;] remaining individuals (if any) are selected by also con-
sidering a crowding parameter, used to distribute individuals more
evenly along the fronts throughout the computation. To illustrate
how the algorithm works, consider the two-objective optimization
problem MPO4 presented in [10]. The left plot in Fig. 5 shows the
100 selected individuals, most of them lying in the Pareto-optimal
front for this problem, while the right plot presents the resulting
fronts obtained in that particular generation for the combined pop-
ulation of size 2|2|. Note that, on the figure that shows the fronts F;,
the discrete points are joined by lines for visualization purposes,
but the lines themselves do not represent the fronts.

3.1. Microvascular network representation

As mentioned earlier, the use of GAs to carry out the optimiza-
tion of a problem involves finding a suitable GA representation. In
our case, the microvascular network is idealized as a graph data
structure and the optimization is carried out on the diameters.
An integer representation of cardinality k, referred to as k-ary
alphabet in GA terminology, is chosen to represent the set of k pos-
sible discrete diameters. Therefore, the number of alleles in the
chromosome of a network individual equals the number of micro-
channels in the network and the allele values map to a discrete
set of diameters, chosen according to manufacturing requirements.

To illustrate the network representation, let us consider a 2D
diagonal network template on a 3 x 3 point lattice (left Fig. 6). This
template has 20 microchannels and a conforming chromosome
will have the same number of alleles. Let the possible diameter
choices be limited to the set <2 ={DiD;=1i-25pum,
i=0,1,...,5}. Then, the chromosome

% = {44031205311400225042}

produces the mapping shown at the right in Fig. 6, i.e., the first and
second alleles map to a diameter D4 = 100 pm, the third one maps

T T T
|P|=100 o
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Fig. 6. Network template (left) for diagonal networks over a 3 x 3 point lattice and
resulting microvascular network (right) after applying the mapping given by a
chromosome %.

to Do=0pum (absence of the microchannel), the fourth one to
D3 =75 pm, and so forth.

3.2. Objective functions and constraints

The selection process within the GA needs to differentiate the
“fittest individuals” by assigning numerical values to each of the
objective functions and constraints considered. Most of the study
presented in this manuscript focuses on the objective functions
associated with the flow efficiency and void volume fraction, with
an example considering also the flow homogeneity across outflow
locations. The coverage of the network is imposed by constraint, as
well as the requirement to have intersection of microchannels only
at lattice point locations. Most examples will also enforce the pres-
ence of flow in every microchannel. In all cases presented in this
paper, the optimization involves the minimization of the objective
functions and is stated formally as

minimize {¢;},,,

10
such that {g;}?, =0, (10)

where the optimization is carried out on the set of P objective func-
tions subjected to Q equality constraints.

The void volume fraction is computed using Eqs. (1) and (2) for
the 2D and 3D networks, respectively. The flow efficiency is evalu-
ated through the computation of the maximum pressure difference
between any two vertices of the network, i.e., Eq. (5). The com-
puted values are normalized by a reference network topology.
For 2D problems involving a square domain of side a with a single
inflow and outflow located at opposite corners (right Fig. 1), the
reference network consists of a single microchannel connecting
the source to the target with diameter D= 100 pm. The corre-
sponding reference values for the void volume fraction (v.f) and
pressure drop (Apyef) are

-20 -18 -16 -14 -12 -10 -8 -6 -4 -2
2

Fig. 5. NSGA-II results for problem MPO4 [10] at a particular generation, showing most individuals lying on the Pareto-optimal front for this problem (left) and the
corresponding non-dominated fronts F;, i=1,..., 12 (right). Discrete points representing the fronts in the right figure are joined by lines for visualization.
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For more complex 3D problems with single or multiple outflow
locations, the reference network topology is chosen to be the same
as the template used in the optimization, with a reference diameter
Dref~

Thus, the objective functions associated with the void volume
fraction (¢,) and flow efficiency (¢y) are

v Ap
(PV Vref ’ f Apref ' (12)
where v and Ap correspond to the values of the network being eval-
uated. A third objective function considered in this study is the flow
homogeneity defined by Eq. (7) (i.e., ¢n =), where the maximum
flow difference among outflows is normalized by the total inflow.
Since zero diameter (i.e., missing) channels are considered in the
optimization process, disconnected networks may occur. Where
such a network is found, very high values are assigned to ¢y and
¢n so the network becomes a “bad individual” for the selection pro-

cess in the GA.
3.3. Genetic operators

The creation of an offspring population in the NSGA-II algorithm
to form the combined population involves the use of genetic oper-
ators. For the selection process, tournament selection with selec-
tion pressure s=4 is used [15]. In tournament selection, two
individuals are selected and the dominated individual according
to the operator << defined in Section 3 is discarded. The winner
is then compared to another contender and this process is repeated
until s individuals are compared.

One point crossover is used in all crossover operations [14]. This
mechanism randomly selects one of the || — 1 possible crossover
points and then exchange all alleles between the two selected indi-
viduals after this point. A high probability of crossover p. is used in
this work, usually p.=0.9.

The chromosomes in this study have cardinality k > 2 so simple
bit mutation, the most common mutation operator [14], cannot be
used. The mutation operator considered here uses a Gaussian prob-
ability density function centered at the value of the allele to be mu-

(7%
6

tated. In this way, the mutation has a higher probability to select
values that are close to the original allele. This technique is bor-
rowed from other evolutionary algorithms and is adapted so it
can be used with integer values. The probability of mutation p,,
is chosen such that, on average, at most one allele is mutated in
the chromosome, i.e., p,, < 1/|%].

4. Results

This section starts with the description of a typical multi-objec-
tive optimization using GAs, followed by a series of optimized
problems. If not explicitly stated, it is implied that the GA has com-
pletely converged to a Pareto-optimal front. This can be concluded
after observing no significant differences on the front for many
generations.

4.1. Multi-objective constrained optimization

To illustrate the optimization process, consider a 2D square do-
main with side a =10 mm where the point lattice has 6 =1 mm
(11 x 11 lattice), resulting in ¥~ = n?> = 121 vertex locations, with
n=al/é+1. The set of possible diameter choices is
2[pm] = {0,100,200}. The inflow and outflow vertices are located
in the lower-right and upper-left corners, respectively. A diagonal
template is considered for the optimization, containing
&=2(2n—1)(n — 1) = 420 edges. We constrain the optimization
to those networks having microchannel intersections at lattice
point locations (Eq. (3)), covering the entire domain with a mini-
mum degree d = 2 (Eq. (8)) and with flow at every microchannel
(Eq. (6)). Considering as objectives for the optimization the void
volume fraction and the flow efficiency, the resulting optimization
problem is stated as

minimize ¢ = {¢,. ¢},
such that g={gp,g;, 8} =0.

A typical run of the multi-objective optimization is illustrated in
Fig. 7, which present snapshots of the objective function and con-
straint spaces at generations t =0, t = 21 and t = 25. The initial ran-
domly generated population contains only unfeasible individuals, as
shown in Figs. 7a and d. Both plots show only those individuals for

0.36 : : 0.14
+ o+
0.27F , + =+ - -~ 0.11f
+
<~ 0.18 - 0.08F
0.09 -~ 0.05F
0 0.02 ‘ ‘ ‘
32 31 26 27 28 29 30

gp 8 1225

(d)t=0

(f) t =25

Fig. 7. Objective function and constraint spaces at three early steps of the optimization (t=0, t =21 and t = 25). Plots on the upper row show the objective function space
composed of void volume fraction ¢, and flow efficiency ¢ Plots on the lower row show the constraint function space, composed of degree constraint gp, intersection
constraint g; and flow constraint gr. Crosses (+) and diamond (<>) symbols indicate unfeasible and feasible individuals, respectively.



4406 A.M. Aragon et al./ Comput. Methods Appl. Mech. Engrg. 197 (2008) 4399-4410

which the microvascular network is not disconnected, accounting
for approximately 71% of the total. Recall that when a disconnected
network is found, the flow efficiency objective and the non-zero
flow constraint are penalized with a very high value (i.e., machine
representation of infinity). At this stage the optimization is carried
out in constraint space and the algorithm selects the better struc-
tures for the next generation according to their feasibility. Genera-
tion t=21 is the first generation for which a feasible individual
appears (indicated by an arrow in Fig. 7b) and the entire population
becomes feasible after only four more generations as shown in Figs.
7c and f. After this point, the optimization is carried out in objective
function space until the algorithm converges to the Pareto-optimal
front. It is worth mentioning that unfeasible individuals are com-
pletely eliminated from the population after a few generations for
all objective functions and constraints presented in this work.
Moreover, no new unfeasible solutions appear after the entire pop-
ulation becomes feasible.

Optimization results after 2000 generations for a population
size |2| = 5000 are presented in Fig. 8 (top). The obtained Pare-
to-optimal front for competing objectives ¢, and ¢y is shown on
the left, whereas the microvascular networks for selected individ-
uals labeled (a) through (d) are shown on the right. Individual (a),
which is composed only of 100 um diameter microchannels, has
the minimum void volume fraction but the highest pressure drop.
Individual (b) shows a set of connected microchannels with the
largest diameter D = 200 pum directing most of the flow through a
direct path between the source and the target. The emergence of
this path in the solution creates a jump in the flow efficiency in
the Pareto-optimal front. Similarly, the network corresponding to
individual (c) has three main paths of microchannels with the larg-
est diameter. Finally, individual (d) is the right-most individual
resulting from this particular optimization, having the maximum

= \
¢y () (h)

Fig. 8. Pareto-optimal front and selected networks after 2000 generations for a
11 x 11 square lattice with d = 2, considering non-zero flow constraint (top), and
neglecting it (bottom). Inflow and outflow vertices are located in the lower-right
and upper-left corners, respectively (denoted by arrows in Figs. 8a and e). Eight
networks labeled (a) through (h) on the optimal fronts are shown on the right. The
darker segments in networks (e) through (h) denote microchannels with zero flow.

void volume fraction, but the minimum pressure drop. It is impor-
tant to note that all the networks obtained in this optimization are
optimal solutions to the problem and that all of them respect the
imposed constraints. Moreover, the algorithm picks the best orien-
tation for most of the diagonal microchannels in the resulting opti-
mized structures even though the starting template structure is
not biased regarding the orientation.

Constraints reduce the search space and guide the GA to obtain
only networks with desired properties and/or without undesired
features. For example, consider the same optimization problem
subjected this time to constraints g={gp.g}, i.e., without the
non-zero flow constraint. The results for this optimization are illus-
trated in Fig. 8 (bottom), where the darker-colored microchannels
of the selected networks correspond to those that have no flow. In
fact, for this particular run 90% of the resulting optimized struc-
tures had microchannels with zero flow. Interestingly, the Pare-
to-optimal front in this optimization is almost identical to that
obtained while accounting for the non-zero flow constraint (top-
left Fig. 8), but the resulting structures have a completely different
behavior.

4.2. Effect of microchannel orientation

The effect of the microchannel orientation is studied here by
comparing the optimization of an orthogonal network template
(left Fig. 2) with the fully constrained results of the previous sec-
tion. Thus, the optimization of the orthogonal template uses the
same domain size and point lattice described earlier (i.e.,
a=10mm, 7" =n? = 121 vertex locations, n=a/s+ 1). Void vol-
ume fraction and flow efficiency are used again as the objective
functions. The orthogonal template has a total of
& =2n(n-1) =220 edges and is optimized using the diameter
set Zo[um] = {100,200}. There is no need to constrain this optimi-
zation because the absence of the null diameter ensures complete
coverage and intersections only occur at lattice points. Therefore,
the optimization of the orthogonal template is stated as

minimize ¢ = {¢,, ¢;}.

Recall from the previous section that the diagonal template consid-
ers also the null diameter, allowing for a possible match between
the resulting diagonal and orthogonal networks in certain areas of
the domain.

The NSGA-II results for both optimization problems are plotted
in Fig. 9, where they are denoted as orthogonal and diagonal. Differ-
ent population sizes and maximum number of generations were
chosen for each optimization. The chromosome size and its cardi-
nality (number of possible allele choices) are higher for diagonal

0.32—— . . T
+ orthogonal o
% diagonal  +
0.24F + ]
¥ o |
¥ z" 9a .
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i
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9, e
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Fig. 9. NSGA-II results for the optimization of orthogonal and diagonal network
templates (left) and selected microvascular networks for the orthogonal template
optimization (right). Refer to Figs. 8b through 8d for selected diagonal networks.
Fig. 9a shows the inflow and outflow locations.
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networks, so the genetic algorithm needs more computational re-
sources to obtain solutions lying on the Pareto-optimal front. The
optimization of orthogonal networks was run for 1000 generations
with a population size |2| = 3000. The orthogonal data set shows
the entire population on the Pareto-optimal front. Recall from
the previous section that the optimization of the diagonal network
was run for 2000 generations with a population size |2| = 5000.
Not all the individuals of the diagonal data set are displayed as
the figure is cropped for visualization purposes.

Four networks from the orthogonal template optimization, la-
beled (a) through (d) on the Pareto-optimal front, are selected for
visualization (right Fig. 9). Labels Figs. 8b through 8d refer to the
diagonal networks presented in Fig. 8 for the fully constrained
optimization. As in the previous section, Fig. 9a corresponds to
the individual with the minimum void volume fraction but with
the highest flow resistance. All the microchannels in the micro-
vascular network converged to the minimum value D =100 pm.
Solutions in Figs. 9b and c resemble those given in the previous
section, where most of the flow is directed through main paths
of interconnected microchannels having the largest diameter. An
individual for which almost all microchannels have converged
to the largest diameter is presented in Fig. 9d. The optimum indi-
vidual with the highest void volume fraction (and consequently
the minimum flow resistance) would have all its microchannels
with the largest diameter, thus it is expected that running the
algorithm for more generations or with a higher population size
would produce this result. Note that having diagonal microchan-
nels and the null diameter in the diagonal template optimization
allows us to obtain individuals in a wider range for both objective
functions and a much more efficient flow network for a given
void volume fraction.

4.3. Effect of network minimum degree

We now turn our attention to the issue of coverage imposed as a
constraint by requiring a minimum degree d on all vertices of the
graph (Eq. (8)). It was shown in Section 2.3 how this parameter re-
lates to the reliability of the network when subjected to damage.
We vary the minimum degree target d from 0 (unconstrained case)
to 3 (networks having at least three incident microchannels at each
vertex) for networks within a 2D square domain with side
a=10 mm over a 6 x 6 point lattice (6 = 2 mm). Refer to Fig. 2 for
the template network used in the optimization and to Section 3.2
for a description on the reference network used for the normaliza-
tion of the objective function values. For this study, the diameter
set is 2[um] = {0,100}. Again, the inflow and outflow vertices
are located at the lower-right and upper-left corners, respectively.
The non-zero flow constraint is not imposed in all optimizations of
this section.

Fig. 10 presents the resulting Pareto-optimal fronts for all opti-
mizations. For high values of the void volume fraction, all curves lie
on top of each other since the distinction between different values
of d vanish for “fully populated networks”. For low values of ¢,,
notable differences are obtained, with low-d networks achieving
better flow efficiencies. Some of the resulting networks, labeled
(a) through (1) on the fronts, are also shown in Fig. 10. The first four
figures correspond to the unconstrained case (d = 0). The optimal
solution for an individual containing the minimum void volume
fraction would correspond to a set of microchannels forming a
straight path between the source and the target. The network
shown in Fig. 10a has a structure similar to that of the reference
network used for normalization and the algorithm would have
matched it had it been run for more generations or had the
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Fig. 10. NSGA-II results for network minimum degree study (top) and selected networks labeled (a) through (1) in the Pareto-optimal fronts. (a) through (d): d = 0; (e) and (f):
d = 1; (g) through (j): d = 2; (k) and (I): d = 3. Source and target locations are marked by arrows in Fig. 10a.
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population size been increased. The individual shown in Fig. 10d
matches the optimum containing the highest void volume fraction.
Note once again how the optimized networks naturally align with
the source to target direction. Networks in Figs. 10b and c corre-
spond to two individuals with intermediate objective function val-
ues. Structures in Figs. 10e and f belong to the second optimization,
with imposed minimum degree d = 1. The first network shows
how the flow efficiency is deteriorated by maximizing the distance
between inflow and outflow. The second network shows a jump in
the pressure drop in Fig. 10 due to the fact that this is the first net-
work for which the flow reaches the outflow in two distinct paths.
The networks resulting from the optimization with an imposed de-
gree d = 2 are labeled Figs. 10g through j. The first network shows
the individual with minimum void volume fraction. The next three
individuals show symmetric patterns that result from the optimi-
zation in increasing order of void volume fraction. The last two
figures, labeled Figs. 10k and I, illustrate the results for the last
optimization for which d = 3. Note that the algorithm has oriented
the two microchannels in the lower-left and upper-right corners of
the lattice in order to respect the constraint on the degree. These
two networks correspond to the extreme point locations on the
Pareto-optimal front for this optimization.

4.4. Diameter set study

The influence of the magnitude of one of the diameters in the
set as it increases from D =20 pm to D = 80 pum is studied in this
section for diagonal networks. Thus, the ith optimization has a
set of diameters Z;[um] = {0,20(i —1),100,i=1,2,...,5}. As in
the previous case, the square domain for this problem has a side
a=10 mm, and spacing ¢ = 2 mm. Also, let us consider as feasible
only those networks with imposed degree d = 2, which guarantees
a complete coverage of the domain and same level of redundancy.

Once again, the results obtained from the algorithm are shown
in Fig. 11, which are very similar to those given in the previous sec-
tion since all curves lie on top of each other for high values of void
volume fraction. The effect of the intermediate diameter value is
seen for small values of ¢,. The figure was cropped for visualization
purposes, as some networks composed almost exclusively of inter-
mediate-diameter microchannels are characterized by very high
pressure drop values. Recall that the pressure drop is inversely pro-
portional to the fourth power of the diameter. The results pre-
sented in Fig. 11 indicate that the most efficient networks
combine large-diameter microchannels directing most of the flow
between the source and the target and small-diameter ones

A.M. Aragon et al./ Comput. Methods Appl. Mech. Engrg. 197 (2008) 4399-4410

addressing the coverage and redundancy requirement, as is the
case in many biological systems.

4.5. 3D optimization

A 3D domain is optimized in this section by simply changing the
template structure. This can be done because the underlying opti-
mization scheme using GAs is independent of the network used as
the template. As usual, we take ¢, and ¢ras primary objective func-
tions. Consider a cuboid with a=b =c=10mm (i.e., a cube) and a
11 x 11 x 11 point lattice (6§ = 1 mm). The template and reference
networks have the same structure and consist of microchannels
oriented only in the directions of the coordinate axes x, y and z
(i.e., orthogonal network). For this structure, there are
& =3n%(n—1) = 3630 edges, where n=a/s + 1. The diameter set
considered is again Z[um] = {0,100,200} with a fixed diameter
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Fig. 12. NSGA-II results for a 3D optimization (top) and selected networks lying on
the Pareto-optimal front (bottom). Darker-colored microchannels correspond to
those with the largest diameter. The arrows in Fig. 12a show source and target
locations.
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Fig. 11. NSGA-II results for the diameter set study. Networks labeled (a) and (b) are shown on the right and correspond to the optimization with diameter set

Z[um] = {0,20,100}. The source and target locations are marked as arrows in Fig. 11a.
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for the reference structure Dyer= 150 pm, resulting in vyer = 7.63%.
For this problem the inflow is located at one of the vertices of
the cube and the outflow is located at the vertex furthest from
the inflow. The optimization is constrained to those networks hav-
ing non-zero flow in all microchannels and having a minimum de-
gree d = 2.

Results for this optimization are summarized in Fig. 12, where
some structures lying on the optimal front (top) are selected for
visualization (bottom). Darker-colored microchannels have the
largest diameter value D = 200 pm. The results follow the same cri-
teria described in the previous sections, where the emergence of
sets of microchannels having the largest diameter reduce the pres-
sure drop but increase the void volume fraction. It is worth men-
tioning that this problem has a total of 33630 different networks
and yet the trade-off between conflicting objective functions is still
well captured with a relatively modest population size of 8000
individuals.

4.6. 3-objective optimization

A third objective function that deals with the homogeneity of
flow at target locations is introduced here. Consider a 3D cuboid
with dimensions a =10 mm, b =4 mm and c = 1 mm. A point lattice
with 6 =1 mm produces 11 x 5 x 2 possible vertex locations. Fur-
thermore, consider all vertices lying on the top surface of the cu-
boid as outflows (totalling T=55 targets) and a single inflow is
located at the midpoint of a short edge at the bottom surface.
The template and reference network for this optimization are again
orthogonal networks. The reference network has a diameter
Dies,=50um and the diameter set to consider is
Z[um] = {0,10,100}. The minimization problem is then

mlnlm]ze ¢ = {¢V: ¢f7 ¢h}7
such that g= {g,,g:} =0.

For this problem the degree constraint is relaxed at outflow loca-
tions because failing to do so would always produce unfeasible net-
works. In other words, all outflow vertices have the same pressure
so any microchannel connecting two of them would have had zero
flow had the degree constraint been satisfied.

Two different views of the resulting “Pareto-optimal surface”
are illustrated in Fig. 13, along with selected network structures.
Once again the algorithm is able to capture the tradeoffs between
the different objectives. After a few generations the algorithm
eliminates all unfeasible solutions. This translates in assigning a
zero diameter to all microchannels of the template close to the
upper surface of the cuboid since all of them have zero flow. The
network labeled Fig. 13a has the minimum value ¢ = 0.0005 for
the flow homogeneity objective function, showing that all vertical
microchannels take the lowest non-zero diameter and a distribu-
tion network is created underneath. This network achieves a nearly
optimum outflow distribution, with minimum and maximum out-
flow values deviating by only —1.25% and 1.46% respectively, from
the optimum value ris/T. As shown in Fig. 13 (top), the optimal
front has a distinct discrete nature and is composed of two main
“branches”. The solution labeled Fig. 13b belongs to a set of solu-
tions where ¢, is not optimal. However, these solutions are charac-
terized by a substantially better flow efficiency as one or more
large-diameter microchannels link the source to at least one of
the targets. Finally, the network Fig. 13c corresponds to the indi-
vidual with the lowest void volume fraction for this particular
run, showing most of the microchannels converged to the smallest
non-zero diameter. However, this network is not as optimal as net-
work Fig. 13a in terms of outflow uniformity (¢, =0.1053) and
pressure drop (¢s=203.1).

5. Conclusions

This work has presented a study on the use of a multi-objective
GA in the optimization of microvascular flow networks decom-
posed into a set of mathematically simple objective functions.
The algorithm is able to capture adequately the tradeoff between
conflicting objective functions and to eliminate unfeasible solu-
tions. Constraints restrict the search space and guide the algorithm
to obtain only feasible solutions after a few generations. The GA
naturally evolves the networks towards paths of minimal flow
resistance between the source and the target. The optimized re-
sults show how the addition of diagonal microchannels in the tem-
plate improves flow efficiency, specially at low values of the void

Fig. 13. NSGA-II results showing two different views of the Pareto-optimal surface for a 3-objective problem (top) and selected resulting structures (bottom). The boundary
conditions for the flow objectives consider a single inflow shown by an arrow in Fig. 13a and 55 outflows located in the upper surface.
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volume fraction. The analysis also demonstrated the cost in terms
of void volume fraction of added redundancy in the networks. Sim-
ilar to many biological systems, the most flow-efficient networks
resulting from the GA optimization combine large-diameter micro-
channels directing most of the flow between the source and the
target with small-diameter ones addressing the coverage and
redundancy requirements. Even though the study was carried out
on simple geometries, the extension to more complex geometries
is easily accomplished by selecting a different template structure
since the underlying evolution process is independent of the tem-
plate selection, as demonstrated in the optimization of 3D
templates.

To conclude this study, let us mention a couple of issues associ-
ated with the multi-objective GA used in this microvascular net-
work design. In all problems studied in this work, the NSGA-II
algorithm has no difficulty reaching the Pareto-optimal front and,
once this front is reached, the subsequent generations create indi-
viduals that spread uniformly along it. However, the use of the
crowding distance parameter in the selection exchanges optimal
solutions in tightly crowded areas over the front for non-optimal
yet less crowded ones [9]. Also, the algorithm has difficulties when
trying to find the individuals with extreme values on the Pareto
front. Furthermore, the algorithm does not scale well with the
problem size. However, there have been successful attempts to ob-
tain scalable GAs by combining the algorithm with other tech-
niques [26] or by exploiting the “embarrassingly parallel” nature
of the evaluation process [7].
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